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1. Introduction

In this paper, we consider a continuous-time surplus process perturbed by a diffusion where the claims arrive according
to a Markovian arrival process (MAP).

Let {N(t), t > 0} be the claim number process and {J(t), t > 0} be an underlying homogeneous continuous time Markov
chain (CTMC) with finite state space E = {1, 2, ..., n} affecting the claim arrivals. The evolution of the bivariate Markov
process {N(t), J(t), t > 0} on the space N x {1, 2, ..., n} is governed by the matrices Dy and Dy, where Dy = [Dov,-j];’_jzl
and D; = [Dl,,j]?,j:] are such that

n
0 < Do’ij < 00, l;é], Do,ﬁ < 0, 0 < Dl,ij < o0, Z(Do,,‘j + DLij) =0.
j=1

Dy ;j corresponds to the instantaneous rate of transition from state i to state j (j # i) in E without an accompanying claim, and
D, jj corresponds to the instantaneous rate of transition from state i to state j (possibly j = i)in E with an accompanying claim.
The CTMC {J(t), t > 0} is assumed to be irreducible with initial distribution @ = (aq, &> ..., o;) " and intensity matrix
Dy + D4. Under these assumptions, the bivariate Markov process {N(t),J(t),t > 0} is called a MAP, with representation
MAP(a, Do, D;), we also say that the claim arrival process is a MAP. We remark that the MAP risk model contains the classical
compound Poisson risk model, Markov-modulated risk model and Sparre Andersen risk model with phase-type inter-claims
as special cases, see Ren and Li (2009).
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To account for small fluctuation in the surplus level, as that in Dufresne and Gerber (1991), we assume that the surplus
process is perturbed by a Brownian motion with drift 0 and infinitesimal variance Giz whenever the CTMC {J(t), t > 0} is
in state i. Then the perturbed MAP risk model is defined as

N(t) t
Uy =u+at—Y X +/ 0j»dB(s), t >0, (1.1)
i=1 0

where ¢; > 0 is the constant premium rate. X; represents the size of the ith claim and {B(t), t > 0} is an independent
standard Brownian motion. For a transition of {J(t), t > 0} from state i to state j at the time of a claim, we assume that the
accompanying claim size has density function f;;(x), distribution function F;;(x), Laplace transform f,j(s) = fooo fij(x)e~**dx
and finite mean p;. It is clear that the random variables {X;, i > 1} are not independent in general, but conditional on
{J(t), t > 0}, they are independent.

The MAP has received much attention in the queuing literature, see Section VII in Asmussen and Albrecher (2010), or
Asmussen (2003) for details. In the last few years, the MAP risk model has received a lot of attention. Badescu et al. (2005);
Badescu, Breuer, Drekic, Latouche, and Stanford (2005) studied the ruin probability and the joint distribution of the surplus
before and after ruin. Ahn and Badescu (2007) studied the discounted penalty function. Due to the practical importance,
dividend strategies have been one of the main research problems in ruin theory today, Avanzi (2009) presented excellent
reviews about all kinds of risk models under dividend strategies. For the MAP risk model, Ahn, Badescu, and Ramaswami
(2007) studied the barrier dividend, and Badescu, Drekic, and Landriault (2007a,b) studied the threshold dividend and multi-
threshold dividend strategies, respectively. In these papers, the assumption on the phase-type claim size distribution is
important, so that the risk model can be connected to the fluid flow model.

Compared to those results, relying on a purely analytic approach, a variety of theoretical results for the general claim
size distribution are obtained, for example, Badescu (2008) derived the integro-differential equation for the discounted
penalty function and solved at u = 0 for the MAP risk model with no dividend involved, Ren (2009) further derived a
matrix expression for the Laplace transform of the first time that the surplus process reaches a given target from u for the
perturbed MAP risk model, Cheung and Landriault (2009) considered the perturbed MAP risk model under barrier dividend,
Chen (2009) considered the MAP risk model under multi-threshold dividend, and recently, Cheung and Landriault (2010)
studied a generalized penalty function for the MAP risk model, Zhang, Yang, and Yang (2011) considered the absolute ruin
in a MAP risk model with debit interest.

In this paper, we consider the perturbed MAP risk model under the threshold dividend strategy. With a dividend barrier
at level b > 0, the surplus process with initial surplus U,(0) = u follows the dynamics

i=1

N(t)
ade—d (Z x,-) +0j0)dB(t) 0 <Uy(t) <b
dU,(t) = ' (12)

i=1

N(t)
cdt —d (Zx,-) +0y0)dB(t)  Up(t) > b,

in which c; = ¢y — d, that is to say, dividends are paid continuously at a constant rate d (0 < d < c;) whenever the surplus
is above b > 0. As that in Cheung and Landriault (2009), we assume that the net profit condition is fulfilled, i.e.,

n n
E T E Dy jjmij < ca,
i1 =1

where 7 = (w4, ..., 7,) are the stationary probability of the CTMC {J(t), t > 0}, which are the solutions of the following
system of linear equations:

n n
Z 7j(Do ji + D1ji)) = —mi(Doj + Dv), 1€E, Zﬂj =1
J=1jF# j=1
For risk model (1.2), let T, = inf{t > 0, Uy(t) < 0} (T, = oo if the set is empty) be the ruin time, ¢ (u, b) = P(T, <
00|Up(0) = u) be the ruin probability, U,(T,—) be the surplus immediately before ruin, and U,(T,) be the deficit at ruin.

To describe these and many other risk quantities, we introduce the Gerber-Shiu expected discounted penalty function (see
Gerber & Shiu, 1998), defined as

®(u, b) = E[e* P (Up(Ty—), [Up(Ty) DI(Ty < 00)|Up(0) = ul,

where § > 0, w(x,y), x > 0, y > 0, is a non-negative real function such that the expectation exists with w(0, 0) = 1, and
1(C) is the indicator function of a set C.
Given the initial surplus is u and the initial MAP state is i € E, define

®;i(u, b) = E[e™ ™ w(Uy(Ty—), [Up(Tp) DI(Ty < 00, (Tp) = )|Up(0) = u,J(0) = il,
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