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a b s t r a c t

By using the white noise theory for a fractional Brownian sheet, we find sufficient condi-
tions on the integrability of the Wick integrals of various types with respect to a fractional
Brownian sheet with Hurst parameters H1,H2 ∈ (0, 1). Also we show that the Wick inte-
grals can be represented as formal expansions.

© 2010 Published by Elsevier B.V. on behalf of The Korean Statistical Society.

1. Introduction and notations

For H1,H2 ∈ (0, 1), a real-valued fractional Brownian sheet (fBs) BH with Hurst parameter H = (H1,H2) is a centered
Gaussian random field with covariance

E[BH(a)BH(b)] =

2∏
i=1

1
2


|ai|2Hi + |bi|2Hi − |ai − bi|2Hi


,

where a = (a1, a2), b = (b1, b2) ∈ R2. The theory of stochastic calculus for fBs has recently been developed by several
authors (see Kim, 2008; Kim & Jeon, 2006; Kim, Jeon, & Park, 2008, 2009; Kim & Park, 2009; Tudor & Viens, 2003). In
particular, by using Malliavin calculus, various types of stochastic integrals with respect to fBs are introduced in Kim et al.
(2008). On the other hand, by using the white noise theory, Kim and Jeon (2006) define the following stochastic integrals
with respect to fBs: for z = (z1, z2) ∈ R2∫

Rz
α(a)dBH(a),

∫
Rz E1 Rz

β(a, b)dBH(a)dBH(b),∫
Rz E1 Rz

β(a, b)dadBH(b),
∫
Rz E1 Rz

β(a, b)dBH(a)db, (1)

where Rz = (0, z1] × (0, z2] and the set Rz E1 Rz will be defined below. Also Kim and Jeon (2006) establish an Itô formula
for fBs by using the above integrals.
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In this paper, by using the white noise calculus for fBs, we find sufficient conditions on the integrability of the Wick
integrals given in (1) in the case when the integrands belong to the space of stochastic distributions and admit formal
expansions. Furthermore, we will show that the Wick integrals given in (1) can be represented as formal expansions. Also
a new representation of the double stochastic integral in (1) will be considered. The integrator of this integral is induced by
the Wick product of two partial fractional white noises.

We give some notations that are used throughout the paper. Let a = (a1, a2) and b = (b1, b2) be two points in R2.

• The notation a ≼ bwill denote the condition a1 ≤ b1 and a2 ≤ b2.
• The notation aE1 bwill denote the condition a1 ≤ b1 and a2 ≥ b2.
• The notation a ∗ bwill denote the point (a1, b2).
• For a ≼ b, the notation R[a,b] will denote the rectangle [a, b] = [a1, b1] × [a2, b2] and R[0,b] = Rb.
• For x = (x1, . . . , xn) ∈ Rn and α = (α1, . . . , αn) ∈ Rn, xα

=
∏n

i=1 x
αi
i and dxα

=
∏n

i=1 dx
αi
i .

• The notation Rz E1 Rz will denote the set {(a, b) ∈ Rz × Rz : bE1 a}.

2. Preliminaries

In this section we briefly mention the white noise theory, given in Biagini, Øksendal, Sulem, and Wallner (2004), Elliott
and Van der Hoek (2003), Holden, ØKsendal, Uboe, and Zhang (1996), Hu, ØKsendal, and Zhang (2004), and Mishura (2008),
to be necessary for our works. Let S(R2) be the Schwartz space of rapidly decreasing smooth functions on R2. We consider
the white noise space (Ω, F, P) as the underlying probability space, i.e., Ω := S′(R2) is the space of tempered distributions
and P is an unique probability measure such that∫

S′(R2)
ei⟨ω,f ⟩dP(ω) = e

−(1/2)‖f ‖2
L2(R2) for f ∈ S(R2).

Then we have the isometry E[⟨·, f ⟩⟨·, g⟩] = (f , g)L2(R2), and using this we can extend ⟨·, f ⟩ to f ∈ L2(R2). For a, b ∈ R2, we
define 1(a,b)(x) =

∏2
i=1 1(ai,bi)(xi) for x = (x1, x2), where the indicator function 1(ai,bi)(xi) is given by

1(ai,bi)(xi) =

1 for ai ≤ xi ≤ bi
−1 for bi ≤ xi ≤ ai
0 otherwise.

For f ∈ S(R2), we define an operator IHi f : R2
→ R, i = 1, 2, by

IHi f (x) =


CHi

∫
R

f (x + uϵi)
|u|(3/2)−Hi

du for 1/2 < Hi < 1

f for Hi =
1
2

CHi

∫
R

f (x − uϵi) − f (x)
|u|(3/2)−Hi

du for 0 < Hi < 1/2,

(2)

where ϵ1 = (1, 0), ϵ2 = (0, 1) and

CHi =
sin(πHi)Γ (2Hi + 1)

2Γ (Hi − (1/2)) cos(π/2)(Hi − (1/2))
.

Let IH f (x) = IH1(IH2)f (x). Then a continuous version of ⟨·, IH1(0,a)⟩ is fBs with arbitrary Hurst parameters H = (H1,H2),
H1,H2 ∈ (0, 1), on (Ω, F, P).

Let Hn(x) and hn, n = 0, 1, . . . , be the nth Hermite polynomial and the nth Hermite function respectively. For α =

(α1, α2) ∈ N2 (with N = {1, 2, . . .}), let us set eα(x1, x2) =
∏2

i=1 hαi(xi). Denote by A the set of all finite sequences
a = (a1, a2, . . . , am) with ai ∈ {0} ∪ N, m = 1, 2, . . . . For a ∈ A, we set a! =

∏
∞

i=1 ai! and |a| =
∑

∞

i=1 ai. Let α(i),
i = 1, 2, . . . , be a fixed ordering of N2 such that for i < j, |α(i)

| ≤ |α(j)
|, which implies that for some constant C > 0,

|α(k)
| ≤ Ck for all k ∈ N. With these notations, we define

Ha(ω) =

∞∏
i=1

Hai(⟨ω, eα(i)⟩).

We recall the following chaos expansion theorem.

Theorem 1. Let F ∈ L2
:= L2(Ω, F, P). Then there exist constants ca ∈ R for a ∈ A such that

F(ω) =

−
a∈A

caHa(ω) limit in L2, (3)

where ‘‘limit in L2’’ means that the infinite series converges in L2-sense. Furthermore, we have the isometry ‖F‖
2
L2 =

∑
a∈A a!c2a .
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