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1. Introduction

Suppose that x; (i = 1, ..., d) are independently distributed according to the Poisson distribution with mean r;; and
thaty; (i=1, ..., d) are independently distributed according to the Poisson distribution with mean s;1;. Then,
d .
(rA)\',)xl L
px|n) =[] e, Q)
i=1 Xi-
and
Y .
piy 1) =[] =—e, 2)
i=1 Yi:
where x = (X1,...,X3)andy = (y1, ..., yq). Here, A .= (A1, ..., Aq) is the unknown parameter, and r = (ry, ..., 1r4) and
s = (s1, ..., Sq) are known positive constants. The objective is to construct a predictive density p(y; x) for y by using x.
For example, suppose that a shop has a purchase history data set for d customers. The time lengthsr; (i = 1, ..., d) of the
purchase history data are different depending on the customersi = 1, ..., d. The purchasing processes for the customers
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are d independent Poisson processes with intensities A; (i = 1, ..., d). If the shop wants to predict the purchases of the
customers in future time intervals with lengths s; (i = 1, ..., d), then the problem can be formulated as above.
The performance of p(y; x) is evaluated by the Kullback-Leibler divergence

p(y | A)
py;x)

from the true density p(y | A) to the predictive density p(y; x). The risk function is given by
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It is widely recognized that Bayesian predictive densities
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where dA = dAq - - - dA4, constructed by using a prior 7r perform better than plug-in densities p(y | )A») constructed by replac-
ing the unknown parameter A by an estimate A(x). The choice of # becomes important to construct a Bayesian predictive

density.
The Jeffreys prior
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for p(x | A) coincides with the Jeffreys prior for p(y | A) and the volume element prior 7rp()) with respect to the predictive
metric discussed in Section 4. A natural class of priors including the Jeffreys prior is

mp(W)dhy - dag == AP BT L day,

where 8 >0(=1,...,4d).
We introduce a class of priors defined by
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where0 <o < 8. = Zi Bi,Bi>0,andy; > 0(i=1,...,d).Inthe following, a dot as a subscript indicates summation
over the corresponding index. Note that 77y g, & 74 g, Where ¢ > 0and cy = (cyi, ..., Cyq). The prior 7y g, does not
dependony = (y1,...,ys) ifa = 0.1fa > 0, 7, g, puts more weight on parameter values close to 0 than w4 does. In
this sense, 77, g, with @ > 0 is a shrinkage prior.

There have been several studies for the simple settingr; =1, = --- = rgand s; = s, = --- = sg. Decision theoretic

properties of linear estimators under the Kullback-Leibler loss is studied by Ghosh and Yang [5]. The theory for Bayesian
predictive densities for the Poisson model under the Kullback-Leibler loss is a generalization of that for Bayesian estimators
under the Kullback-Leibler loss. A class of priors 7y g = 74, With y; = -+ = y4 = 1is introduced in [8]. It is shown
that the risk of the Bayesian predictive density based on 7z g with & := . — 1is smaller than the risk of that based on 7
if B. > 1.For example, ifd > 3, there exists a Bayesian predictive density that dominates the Bayesian predictive density
p;(v | x) based on the Jeffreys prior because 8. = d/2 > 1.Here, p,(y | X) is said to dominate p;(y | x) if the risk of p, (y | x)
is not greater than that of p;(y | x) for all A and the strict inequality holds for at least one point A in the parameter space.

Bayesian predictive densities based on shrinkage priors are discussed by Komaki [7] and George et al. [2] for normal
models. See also [3] for recent developments of the theory of predictive densities. In practical applications, it often occurs that
observed data x and the target variable y to be predicted have different distributions parametrized by the same parameter.
Regression models with the same parameter and different explanatory variable values are a typical example. Kobayashi and
Komaki [6] and George and Xu [4] showed that shrinkage priors are useful for constructing Bayesian predictive densities for
normal linear regression models. Komaki [ 10] has studied asymptotic theory for general models other than normal models
when x(i) (i = 1, ..., N) and y have different distributions p(x | 8) and p(y | €), respectively, with the same parameter
6. However, there has been few studies on nonasymptotic theories of Bayesian predictive densities for non-normal models
when the distributions of x and y are different.

In the present paper, we develop finite sample theory for prediction when the data x and the target variable y have
different Poisson distributions (1) and (2), respectively, with the same parameter A. The proposed prior depends not only
on r corresponding to the data distribution but also on s corresponding to the objective of prediction. Thus, we need to
abandon the context invariance of the prior, see e.g. [1]. The Bayesian predictive densities studied in the present paper
are not represented by using widely known functions such as gamma or beta functions, contrary to the simple setting
rn =---=rgand sy = --- = s4 [8]. However, the predictive densities are represented by introducing a generalization
of the Beta function, and the results are proved analytically.
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