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1. Introduction

In biomedical studies, semi-competing risks data [7] arise, for example, when time to a nonterminating landmark event
of disease may be dependently censored by time to death but not vice versa. The data structure has attracted much research
interest, due to its frequent occurrence in practical situations ([ 11,20,4]; among others). One example of the semi-competing
risks data is the Denmark diabetes registry study [1,14], a prospective cohort study that included 2727 type I diabetic
patients referred to the Steno Memorial Hospital in Greater Copenhagen between 1931 and 1988. An intermediate endpoint
of interest is the development of diabetic nephropathy (DN), a syndrome indicating kidney failure. Since death may preclude
the observation of DN but remains observable after DN onset, time to DN, say Ty, and time to death, say T,, with diabetes
diagnosis set as time origin, form a semi-competing risks structure. An important complication in this registry study, like in
many other prevalence studies, is left truncation, which occurred because patients can be observed only if they were alive
at the study enrollment.

With semi-competing risks data, the cumulative incidence function (i.e., subdistribution function) for Ty, F; (t) = Pr(T; <
t, Ty < T,), has been advocated to characterize the distribution of the nonterminating event time, T;. This crude quantity
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depicts the progression of disease while accounting for the presence of death, and moreover has the virtue of being nonpara-
metrically identifiable [24]. In the absence of left truncation, analysis of F; (t) with semi-competing risks data can follow the
approaches developed for competing risks data. For example, in the one-sample case, one may estimate F;(t) by adopting
the methods in [1]. Under regression settings, several approaches have been developed to study the covariate effects on the
cumulative incidence function. For example, a popular method is the proportional subdistribution hazards model proposed
by Fine and Gray [6], which essentially amounts to a transformation model for F; (t|Z) = Pr(T; < t, T; < T,|Z) in the form of

Fi(t1Z) = 1 — exp{—A1o(t) exp(Z" P)}. (1)

Here Aqo(t) is the baseline cumulative subdistribution hazard, Z" = (Z;,2,, ..., ZP)T is the p x 1 covariate vector, and y
is the p x 1 regression coefficient. Under model (1), covariates are assumed to have linear effects on F;(t|Z) after a comple-
mentary log-log transformation. Several other types of regression modeling of F;(t|Z) were studied by Fine [5] and Klein
and Andersen [13], among others.

The data scenario focused in this paper is the semi-competing risks data subject to left truncation to the terminating
event, as occurred in the Denmark diabetes registry example. While some efforts have been made to address the left trun-
cation issue for subdistribution regression with competing risks data [9,32,29], naively adapting these methods to the semi-
competing risks setting in the presence of left truncation would incur information loss from coercing semi-competing risks
data into competing risks data, even in the crude analysis. For example, in the Denmark diabetes registry study, such “coer-
cion” would require exclusion of subjects who had developed DN before the registry entry. As shown by Peng and Fine [21],
such artificial truncation can incur considerable efficiency loss. In addition, Jiang et al. [12] have studied semi-competing
risks data with the complication of left-truncation. They adopted the copula assumption to study the marginal quantity
P(T; < t|Z), which differs from the F;(t|Z) of interest here.

It is also worth noting that most of the existing subdistribution regression methods constrain all covariate effects to
be constant. This assumption may be too restrictive in many practical situations. For example, the efficacy of a treatment
may fade over time due to drug resistance, or the gender difference may be unnoticeable at the beginning but gradually
manifest itself over time. For cohort studies with long follow-up periods, such as the Denmark diabetes registry study, the
validity of the constant effect assumption may be especially questionable. By these considerations, it is often of practical ap-
peal to consider varying-coefficient regression models that can allow for changing effect patterns, thereby enabling a more
comprehensive view of covariate effects, and perhaps, more accurate predictions.

Two modeling approaches have been studied for accommodating varying covariate effects on the subdistribution
function of interest. One is the direct binomial regression modeling of cumulative incidence probability [28], which directly
links covariates with the cumulative incidence function while allowing for regression coefficients to vary over time. This
modeling strategy shares similar spirit of the additive complementary log-log survival model studied for randomly right
censored data [23] but more flexibly accommodates the presence of competing risks. Of note, the direct binomial regression
model of subdistribution offers a strict extension of Fine and Gray’s [6]proportional subdistribution hazard model. More
recently, Peng and Fine [22] proposed competing risks quantile regression which formulates covariate effects on a range of
conditional quantiles of the cumulative incidence function. The regression coefficients are permitted to change with different
quantile levels, and thus render a less restricted model compared to a competing risks accelerated failure time model. The
method of Peng and Fine [22] was extended by Li and Peng [16] to handle left truncation to semi-competing risks data.

A general goal of this paper is to develop a new regression approach for left-truncated semi-competing risks data, which
appropriately accounts for the specifical censoring and truncation features of this data type, and also has the flexibility to
accommodate non-constant effects of covariates. In this work, we opt for the direct binomial regression modeling of sub-
distribution, which may lead to the following varying-coefficient subdistribution regression model,

Fi(t|2) = g{Z" B, (1)}, )

where g(-) is a monotone link function, Z = (1, ZT)T, and B,(t) isa (p + 1) x 1 vector of time-varying coefficients. Com-
pared to competing risks quantile regression modeling in [22,16], model (2) provides a more direct approach to assessing
the covariate effects on and predicting cumulative incidence probabilities, and thus may be preferred in scenarios where
the scientific interest centers on the cumulative incidence function itself. The method developed by Scheike et al. [28] for
model (2) purely focuses on standard competing risks data. How to extend their method to handle left truncation, particu-
larly in the semi-competing risks setting, does not seem straightforward. In our simulation studies, we observe that naively
applying Scheike et al.’s [28] method to left-truncated semi-competing risks data can incur large estimation bias.

In the rest of the paper, we propose estimation and inference procedures for the varying-coefficient subdistribution re-
gression model (2), tailored to left-truncated semi-competing risks data. We construct monotone estimating equations that
can be readily solved by existing statistical software. We establish the asymptotic properties of the proposed estimator in-
cluding uniform consistency and weak convergence. The influence functions of the proposed estimators are also derived,
and greatly facilitate the inference, such as Kolmogorov-Smirnov type and Cramér-Von-Mises type hypothesis testing pro-
cedures for the covariate effects. Via extensive simulations, we show that the proposed method performs well with various
truncation rates and link functions. An application to the Denmark diabetes registry data demonstrates the practical utility
of the proposed methods.
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