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a b s t r a c t

A test to assess if a sample comes fromamultivariate skew-normal distribution is proposed.
The test statistic is obtained from the canonical form of the multivariate skew-normal
distribution and its null distribution is derived. The power of the proposed test is evaluated
through Monte Carlo simulations for different conveniently chosen alternatives. Finally,
three numerical examples are presented for the purpose of illustration.
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1. Introduction

Traditionally, manymultivariate procedures have been developed in the literature based onmultivariate normality; see,
for example, the books by Anderson [1] and Muirhead [20]. However, in several practical situations, the assumptions of
multivariate normality are violated as the data possess some level of skewness.

In this regard, Azzalini [3] introduced the univariate skew-normal (SN) distribution, extending the normal one, through
the introduction of a shape (or skewness) parameter λ. Later, Azzalini and Dalla Valle [7] presented amultivariate extension
of Azzalini’s SN that has been further explored by Azzalini and Capitanio [5]. Specifically, a d-dimensional random variable
Z is said to have a multivariate SN distribution, with zero location and scale parameters equal to one, if it is continuous and
has its density function (pdf) as

2φd(z; �̄)Φ(αT z), z ∈ ℜ
d, (1)

whereφd(z; �̄) is the d-dimensional normal densitywith zeromean and correlationmatrix �̄, Φ(·) is the univariateN(0, 1)
distribution function, and α is a d-dimensional vector that regulates departure from symmetry. The multivariate normal
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belongs to the family of SN distributions when α = 0. So, even though one may proceed by assuming a multivariate skew-
normal distribution for data possessing some level of skewness, one still needs to formally test this key assumption to
validate the results obtained subsequently in the analysis.

While a number of procedures are available to test the skewness of a distribution (see, e.g., [9]) there has been very
little work on testing for multivariate SN against other distributions. The present paper focuses on developing tests for
multivariate skew-normality; on the basis of a random sample y1, . . . , yn of n independent copies of a multivariate vector
YT

= [Y1, . . . , Yd] with a generic distribution function Fd(y), we are interested in a testing procedure for the hypothesis
testing problem

H0 : Y follows a multivariate skew-normal distribution with some location-scale parameters vs.
H1 : Y follows a distribution other than the multivariate skew-normal. (2)

When considering tests for multivariate skew-normality, three issues are of interest: one is about the statistical
performance of the test procedure, second is about the ease of use and computational efforts, and third is about the
generalization to higher dimension.

Tests for univariate skew-normality have been discussed by Mateu-Figueras et al. [17] and Meintanis [18], while
for testing multivariate skew-normality, to our knowledge, only the procedure given by Meintanis and Hlavka [19] is
available, which is based on the moment generating function with distribution obtained by bootstrap resampling, and is
computationally available only for the bivariate case. The test proposed here is based on the canonical form associated with
the multivariate skew-normal variable. More specifically, we exploit the property that the components of the canonical
form are mutually independent, with a single component ‘absorbing’ all the asymmetry in the multivariate skew-normal
distribution [5].

The rest of the paper is organized as follows. In Section 2, we briefly introduce the ‘canonical form’ of themultivariate SN
and then discuss howwe can, in practice, obtain the appropriate linear transform. In Section 3, we propose the goodness-of-
fit test statistic and discuss its distribution under the null hypothesis, based on a single observation. Section 4 generalizes the
procedure for the case when more observations are available by also allowing for unknown location and scale parameters
in the distribution. In Section 5, we carry out a Monte Carlo simulation study to examine the performance of the proposed
test, and for this purpose we consider some specific alternative distributions for the evaluation of the power of the proposed
test. In Section 6, we present three real examples to illustrate the proposed procedure, and finally some concluding remarks
are made in Section 7.

2. Canonical form of the multivariate SN

Proposition 4 of Azzalini and Capitanio [5] states that for a d-dimensional SN random variable Z with density (1), there
exists a linear transform Z∗

= A∗Z, where A∗ is a d × d non-singular matrix, such that Z∗ is a skew-normal variate with
density

2φd(z; Id)Φ(α∗zm), z ∈ ℜ
d, m ∈ {1, . . . , d},

where α∗ = (αT �̄α)1/2 is the only non-zero component of the shape parameter of Z∗.
The transformed variable Z∗ is said to be the canonical form, which is not unique; but, its density factorizes into a product

of d − 1 scalar N(0, 1) densities and a scalar skew-normal density with shape (or skewness) parameter α∗. From the
factorization of the density, it is immediate to note that the d marginal univariate components of Z∗ are independent.

It should bementioned that this proposition states the existence of the canonical form, but it is not constructive. Amethod
for obtaining the canonical form is described in the following proposition, given in [11], which considers the more general
form of SN obtained when a vector ξ of location and a diagonal matrix ω of scale parameters, such that � = ω�̄ω is a
covariance matrix, are introduced through the form

Y = ξ + ωZ.
Henceforth, we shall use the notation Y ∼ SNd(ξ, �, α) for this general form of SN. Then, the following proposition holds.

Proposition 1. Let Y ∼ SNd(ξ, �, α). Consider the affine non-singular transform

Y∗
= (C−1P)Tω−1(Y − ξ),

where CTC = �̄ and P is an orthogonal matrix having the first column to be proportional to Cα. Then,

Y∗
∼ SN(0, Id, αY∗),

where αY∗ = [α∗, 0, . . . , 0]T and α∗ = (αT �̄α)1/2.

This result ensures the existence of the canonical form for the location-scale SN family. Note that the symmetric
components of Y∗ are standardized, having mean 0 and variance 1. In the following, without loss of generality, we always
choose as a skew component the first one.

In [11], the following proposition is given, that gives a constructive approach for obtaining such a canonical form for the
SN variable.
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