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a b s t r a c t

For competing risks data, it is of interest to estimate the sub-distribution function of a
particular failure event, which is the failure probability in the presence of competing risks.
However, ifmultiple failure events per subject are available, estimation procedures become
challenging even for the bivariate case. In this paper,we consider nonparametric estimation
of a bivariate sub-distribution function, which has been discussed in the related literature.
Adopting a decision-theoretic approach,we propose a newnonparametric estimatorwhich
improves upon an existing estimator. We show theoretically and numerically that the
proposed estimator has smaller mean square error than the existing one. The consistency
of the proposed estimator is also established. The usefulness of the estimator is illustrated
by the salamander data and mouse data.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Statistical analysis of competing risks data is common in biology, where individuals experience multiple failure causes.
For instance, larvae grown in a cage may experience either metamorphosis or death, whichever comes first [15]. These two
failure causes are mutually exclusive in that each larva exhibits only one of the two causes at the time of failure. This type
of data is popular, especially in biomedical research involving human and animal subjects [2]. Competing risks models are
used to analyze such data. An overview of competing risks data analysis is referred to Crowder [8] and Bakoyannis and
Touloumi [5].

In competing risks data analysis, the sub-distribution function plays a fundamental role. Let T be a failure time and C ∈

{1, 2, . . . , γ } be the failure cause for γ distinct causes. The sub-distribution function (also known as cumulative incidence
function) is defined as

Fj(t) = Pr(T ≤ t, C = j), j = 1, 2, . . . , γ .

This is the proportion of failure events occurring due to cause j before time t . The sub-distribution function is easy to
interpret and is often the target for estimation [8,5,13].

In applications, bivariate competing risks arise naturally. For instance, a pair of larvae in an experimental cage shares
unobserved environmental or genetic factors [15]. In analysis of such data, the univariate competing risks models need to
be generalized to bivariate models.
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The bivariate competing risk models have been recently considered by many authors [4,19,17,18,20]. Under the bi-
variate competing risks models, the target of estimation is the bivariate sub-distribution function (formally defined in Sec-
tion 2). Several nonparametric estimators have been proposed under various censoring and truncation schemes. Antony and
Sankaran [4] and Sankaran et al. [19] developed nonparametric estimators under right-censoring. Sankaran and Antony [18]
considered a similar problem where the censoring times are missing. Sankaran and Antony [17] proposed a nonpara-
metric estimator under left-truncation and right-censoring. Shen [20] considered nonparametric estimation under double
censoring.

This paper considers nonparametric estimation of the bivariate sub-distribution functions under right censoring as in
[4,19]. Note that nonparametric estimation under bivariate competing risks is much more challenging than its univariate
counterpart. Especially in small sample sizes, the estimator of Sankaran et al. [19] will generally be a crude step function
and will have a large mean squared error (MSE). In light of this problem, the main objective of this paper is to propose a
new nonparametric estimator that aims to improve upon the existing estimator. The proposed estimator not only reduces
the MSE but also smoothes out the crude step function estimator in some degree.

The paper is organized as follow. Section 2 introduces basic notations and the estimator of Sankaran et al. [19]. Section 3
proposes a new estimator for the bivariate sub-distribution function. Section 4 verifies the consistency of the proposed
estimator. Section 5 presents simulations comparing the proposed method with the existing one. Section 6 analyzes the
mouse data and the salamander data. Section 7 concludes the paper.

2. Preliminary

This section defines basic notations for bivariate competing risks models and then introduces the nonparametric estima-
tor of Sankaran et al. [19] for estimating a bivariate sub-distribution function.

Let S(t1, t2) = Pr(T1 > t1, T2 > t2) be the survivor function of bivariate failure times (T1, T2). Also, let (C1, C2) ∈

{1, 2, . . . , γ1} × {1, 2, . . . , γ2} be the corresponding bivariate failure causes. For (i, j) ∈ {1, 2, . . . , γ1} × {1, 2, . . . , γ2}, the
cause-specific hazard is

Λij(dt1, dt2) =
Pr(T1 ∈ dt1, T2 ∈ dt2, C1 = i, C2 = j)

Pr(T1 ≥ t1, T2 ≥ t2)
.

Also, the sub-distribution function is
Fij(t1, t2) = Pr(T1 ≤ t1, T2 ≤ t2, C1 = i, C2 = j).

The cause-specific hazard and the sub-distribution functions are related through

Fij(t1, t2) =

 t1

0

 t2

0
S(u−, v−)Λij(du, dv). (1)

The above identity is useful for estimating the sub-distribution Fij under right-censoring. If (T1, T2) are censored by a pair
of independent censoring times (Z1, Z2), one observes (Y1, Y2) and (δ1, δ2), where Yk = min(Tk, Zk) and δk = I(Tk = Yk) for
k = 1, 2, where I(·) is the indicator function. If δk = 0, then we set Ck = 0 since the value of Ck is not available. If H(t1, t2) ≡

Pr(Y1 > t1, Y2 > t2) > 0, Eq. (1) becomes

Fij(t1, t2) =

 t1

0

 t2

0

S(u−, v−)F∗

ij (du, dv)

H(u−, v−)
, i = 1, 2, . . . , γ1, j = 1, 2, . . . , γ2, (2)

where
F∗

ij (t1, t2) = Pr(T1 ≤ t1, T2 ≤ t2, δ1 = 1, δ2 = 1, C1 = i, C2 = j).
Sankaran et al. [19] used Eq. (2) to estimate Fij based on observations (Y1u, Y2u), (C1u, C2u), and (δ1u, δ2u), u = 1, 2, . . . , n,
which are i.i.d. replications of (Y1, Y2), (C1, C2), and (δ1, δ2). They consider an estimator of H(t1, t2) as

Ĥ(t1, t2) =
1
n

n
u=1

I(Y1u > t1, Y2u > t2),

and an estimate of F∗

ij (t1, t2) as

F̂∗

ij (t1, t2) =
1
n

n
u=1

I(Y1u ≤ t1, Y2u ≤ t2, δ1u = 1, δ2u = 1, C1u = i, C2u = j).

Under Ĥ(t1, t2) > 0, they obtain the nonparametric estimator for Fij(t1, t2) as

F̂ij(t1, t2) =

 t1

0

 t2

0

Ŝ(u−, v−) F̂∗

ij (du, dv)

Ĥ(u−, v−)
, i = 1, 2, . . . , γ1, j = 1, 2, . . . , γ2. (3)

Sankaran et al. [19] proposed to apply the Dabrowska estimator [9] for Ŝ. Other estimators are also available, such as
the estimators of Prentice and Cai [16] and Wang and Wells [22]. The strong consistency and weak convergence for F̂ij are
studied by [19].
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