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1. Introduction
We consider samples coming from g populations Xj1, ..., Xj;, ..., Xip;, i = 1, ..., g, with n; being the sample size and
Xi = X1, ..., Xl-jml.)T being m;-dimensional independent and identically distributed random variables. The sampling units
have the same distribution function (density function) Fy, (x) (fp, (¥)),i = 1, ..., g, which depend on an unknown parameter
0= n,..., Qiki)T € ©; C R, For the i-th population, the maximum likelihood estimator (MLE) of parameter 6; is given by
0i = arg maxﬁni (0,'), (])
0;c0;
where
£n,(0;) =log L(Xiy, ..., Xin;; 07) (2)

and £L(Xj1, ..., Xin,; 0) = ]_[j;1 fo;(Xj) is the likelihood function associated with the i-th population. For each population
i=1,...,g, weshall assume the following regularity conditions with respect to the distributions:
° % fo,(x) and 7301,3;9!_ fo, (%) exist almost everywhere and are such that ‘%fgi (x)’ < Giy(x), ’7391_3;91_ Jo; (x)’ < Gj (%), with

Jami Giu(®)dx < 0o and [m Giuy(X)dX < 00;
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P a2 .
° % log fp, (%) and ﬁ log fo, (%) exist almost everywhere and
- the Fisher information matrix

16 (0;) = E o 1 X; o 1 X; '
F(0) = <87i 0g fo, ( 11)) (a—ai 0g fo, ( 11)) ,

is finite positive definite;
a2 a2 .
= 355 = 0, Yi(9) = E [5UD(eyeycs) | sogr 10 e Ki) — 5 108y ()| ] is such that 4(5) — o.

Our interest is in developing statistical inference with respect to an r-dimensional function h which depends on § =
(0T,...,0§)T €0 =0;x-x0; CR withk= )%,k > r.Hypotheses of type h(6) = 0,, h(f) # 0,, h(0) <
0., h(®) < 0,,hi(0) =0,, hy(#) < 0,,, are established on h(f) = (h;(8), hy(#)), with r = ry + r,. For this purpose, the
following regularity assumptions are made:

e function h is convex and first-order differentiable in ®;,i =1, ..., g;
e the r x k Jacobian matrix associated with h, namely, H(#) = %h(e’), has the form H(0) = (H;(0), ..., Hg(9)), where

each r x k; submatrix H;(0) = %h(b’), i=1,...,g,isof full rank.

In the case when only an internal comparison of components of @; inside the i-th population is considered, matrix H ()
is block diagonal. In such a case, if no further comparison is made, it is convenient to make the inference separately for each
population, that is, to take the results developed here with g = 1.

This paper extends and unifies the existing results in different directions. We shall propose two families of test statistics
based on ¢-divergence measures (S and Ty families) for testing the hypothesesin (16)-(18) as well as those in (11)-(13). We
consider one or more populations and for the latter when having different sample sizes a different version of test statistics
must be applied (S4 and T, families). We do not restrict ourselves to a specific form of distribution for sampling and we
consider general populations. Even though most of the procedures in the literature are developed based on the theory of
Aitchison and Silvey [ 1] and Silvey [28], here we follow the work of El Barmi and Dykstra [5] for multinomial sampling, which
was further extended to more general of populations in their subsequent work. The paper is organized as follows. Sections 2
and 3 provide the basis for the asymptotic theory of the proposed test statistics to be developed later. More specifically,
in Section 2, the well-known results on the joint asymptotic distribution of maximum likelihood estimators and Lagrange
multipliers are detailed, and in Section 3 the hypothesis testing problems discussed in this paper are explained along with
the classical test statistics and the corresponding test statistics in terms of divergence measures. In Section 4, the new test
statistics are introduced and their asymptotic properties are formally established. In Section 5, a real data with two Poisson
populations is used to illustrate the results developed here. Finally, in Section 6, we focus on multinomial distributions to
perform a simulation study, more thoroughly binomial populations with small probabilities of success are analyzed.

2. Joint asymptotic distribution of maximum likelihood estimators and Lagrange multipliers

If we consider the likelihood function in (2) associated with the i-th population, the following properties of the MLE in
(1) are well-known; see for example Sen and Singer [24, p. 210].

(i) The asymptotic distribution of the MLE of 6;, separately for each population, is

Vi@ = 0.0) —— N (0. I B:0));

(i) Assuming that {v;}?_, exist such that v; = limy_.o % € (0, 1), withn = ¥ ;n;and )% | v; = 1, the asymptotic
distribution of the MLE of @ of all populations is
Vi (8=80) = N (O 17 B0, 3)
where
g
1(80) = € vir (6:0) (4)
i=1

is the information matrix based on “all” the observations and é is the direct sum of matrices;
(iii) In particular, whenn; =--- =n, = g, apart from (3) with v; = é, we can consider

- g
\/g (0 - 00) —— <0k, Gj 1F1<0i,o)> ,

in other words, we can consider artificially that we have a population of size g with a single parameter 6y and the Fisher
information matrix is (4) withv; = 1,i=1,..., g.
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