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1. Introduction

Let S denote the log price process of some stock in a financial market. It is often assumed that S can be modeled as the
solution of a stochastic differential equation or, more generally, as an It diffusion process. So we assume that we can write

dSt:bfdt—i—Utth, SOZO, (])
or, in integral form,
t t
S :/ b ds—l—/ os dWs, (2)
0 0

where W is a standard Brownian motion and the processes b and o are assumed to satisfy certain regularity conditions (see
[16]) to have the integrals in (2) well defined. In a financial context, the process o is called the volatility process. In the
literature, the process o is often taken to be independent of the Brownian motion W.

In this paper we adopt this independence assumption and we furthermore assume that o is a strictly stationary positive
process satisfying a mixing condition, for example an ergodic diffusion on (0, co). We will assume that all p-dimensional
marginal distributions of o have invariant densities with respect to the Lebesgue measure on (0, oo)?. This is typically the
case in virtually all stochastic volatility models that are proposed in the literature, where the evolution of ¢ is modeled by
a stochastic differential equation, mostly in terms of o2, or log o' (cf. e.g. [27,14]).

Therefore, think of X as X = % or X = logo?, as a motivation for nonparametric estimation procedures, consider
stochastic differential equations of the type

dX; = b(X;) dt + a(X;) dB;,
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with B equal to Brownian motion. Focusing on the invariant univariate density of X;, we recall that it is up to a multiplicative
constant equal to

1 * b(y)
o exp (2 20 dy) , (3)

where xj is an arbitrary element of the state space (I, r); see e.g. [12] or [21]. From formula (3) one sees that the invariant
distribution of X may take on many different forms, as is the case for the various models that have been proposed in the
literature. Refraining from parametric assumptions on the functions a and b, nonparametric statistical procedures may be
used to obtain information about the shape of the (one-dimensional) invariant distribution.

A phenomenon that is often observed in practice, is volatility clustering. This means that for different time instants
t1, ..., tp that are close, the corresponding values of o, . .., o¢, are close again. This can partly be explained by assumed
continuity of the process o, but it might also result from specific areas around the diagonal where the multivariate density
of (o, ..., 0r,) assumes high values. For instance, it is conceivable that for p = 2, the density of (o, 01,) has high
concentrations around points (£, £) and (h, h), with £ < h, a kind of bimodality on the diagonal of the joint distribution,
with the interpretation that clustering occurs around a low value £ or around a high value h.

X =

Here is an example where this happens. We consider a regime switching volatility process. Assume that for i = 0, 1
we have two stationary processes X', each of them having multivariate invariant distributions having densities. Call these
frll,....rp (X1, ..., Xp), whereas for p = 1 we simply write f'. We assume these two processes to be independent, and also

independent of a two-state homogeneous Markov chain U with states 0, 1. Let Q (t) be the matrix of transition probabilities
qij(t) = P(X; = i|Xo = j). Let A be the matrix of transition intensities and write

()
(¢h) —ay
with ag, a; > 0. Then Q(t) = AQ(t), and

1 a + aOe*(ao+al)t a; — ale*(ﬂoﬂll)f
ag + a; ao_aoe—(ﬂo+a1)t ao+a1e—(ﬂo+ﬂl)f :

Q) =

The stationary distribution of U is given by 7r; := P(U; = i) = a21+_t;1 and we assume that Uy has this distribution. We finally
define the process £ by

& = UX! + (1 —U)X?.

Then £ is stationary too and it has a bivariate stationary distribution with a density, related by P(&; € dx, & € dy) =
fs.t(x, y) dx dy. Elementary calculations lead to the following expression for f;; for0 <s <t

fir . y) = qu(t — )mif, X, y) + qro(t — Hmf*Of ' ¥) + o1 (t — )mf ' XF° V) + qoo(t — $)af (%, ¥).

Suppose that the volatility process is defined by o = exp(&;) and that the X' are both Ornstein-Uhlenbeck processes given
by

dX; = —a(X] — ;) dt + bdw/,

with W', W? independent Brownian motions, jt; # i, and a > 0. Suppose that the X' start in their stationary N (u;, bz)

2a
distributions. Then the center of the distribution of (Xsi , X[i) is (i, 1), whereas the center of the distribution of (XSO , th) is
(o, m1)- Hence the density f; ; is a mixture of four hump shaped contours, each of them having a different center of location.
If t — s is small, this effectively reduces to mixture of distributions with centers (w1, ;1) and (w3, (2). Similar qualitative
observations can be made for models that switch between different GARCH regimes.

Nonparametric procedures are able to detect such a property of a bivariate distribution, and are consequently appropriate
tools to get some partial insight into the behavior of the volatility. In the present paper we propose a nonparametric estimator
for the multivariate density of the volatility process. Using ideas from deconvolution theory, we will propose a procedure for
the estimation of this density at a number of fixed time instants. Related work on estimating a stationary univariate density
of the volatility process has been done by Van Es et al. [22], Comte and Genon-Catalot [3], Van Zanten and Zareba [24],
whereas a deconvolution approach has also been adopted to estimate a regression function for a discrete time stochastic
volatility model by Franke et al. [8], Comte [1] and Comte et al. [2]. In [4] it is assumed that the volatility process solves a
stochastic differential equation and nonparametric estimators for the drift and diffusion coefficients of that equation are
studied. In most of these papers, one works with a simplified model with detrended log prices, which amounts to modeling
the process S by Eq. (1) with a zero drift coefficient. In the present paper we adhere to this approach, which has become the
tradition, as well.

The observations of the log-asset price S process are assumed to take place at the time instants A, 2A, ..., nA, where
the time gap satisfies A = A, — 0and nA,, — oo asn — oo. This means that we base our estimator on the so-called high
frequency data.
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