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1. Introduction

Let Y be an n x p normal random matrix with mean zero and covariance Xy and {W,} be a family of n x n symmetric
matrices. In this paper, we shall obtain a very general Cochran theorem, i.e., obtain necessary and sufficient conditions
for {Y'W,Y}to be independent and each Y’'W,Y to be Wishart-Laplace DW,(m;, m,, X), i.e., YYW,Y is distributed as the
difference Q; — Q,, where Q; and Q, are independent (central) Wishart W,(m;, X') and W, (m,, ¥) distributed random
matrices.

For a brief history, [1] solves the above problem by assuming that m, = 0, W is nonnegative definite and X is
nonsingular. Wong and Wang [2] remove the nonsingularity condition on X' so that the result can be applied to multivariate
components of variance models; see [3-6]. Mathai [7] extended a chi-squared version to one that includes the family of
Laplace distributions; its multivariate version is our version for a family of Wishart-Laplace distributions; see Wong and
Wang [8]. For the case W, is symmetric, [9] obtained necessary and sufficient conditions for {Y’W,;Y} to be independent;
[10] obtained necessary and sufficient conditions for Y'W;Y to be W, (my, X). In Theorem 2.1, we generalize these results
to that for Wishart-Laplace distributions. The result is expected to be more cumbersome; this is partially caused by our not
using appropriate multiplication. Since the sample covariance ¥y and the population covariance X are both symmetric, we
should develop the theory needed within the set, 8y, of N x N symmetric matrices, where N may be p, np, or some other
positive integer. Let A, B € 4y. The usual matrix product AB may not be symmetric. So we introduce a Jordan product:

1
A%B=_(AB+BA),
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or more generally,
1
AxcB = E(ACB + BCA),

where C € 8y. Then (8y, *¢) is an example of a Jordan algebra; see, e.g., [11]. Now consider the distribution of Qy = Y'WY
through its moment generating function My, , where W is symmetric. From [12],

Mg, (t) = Det [I, ® I, — 25,*(W @ ) 5,172, t e N,

where N, = {t € 4, : In®1p—22;/2(W®t)E;/2 is positive definite}, i.e., Mg, is determined by the linearmaph : 8, — &,

with
hit) = "W @0 %, tes,
or the more flexible map p : 4, — 4§, with
p() =MW Q@ O)M', t € 4,

where Xy = M'M, M € Mgxnp, q < np. It can be proved (see [12]) that Y'WY is Wishart with nonsingular scale parameter
X if and only if p is homomorphic from (4, *5) into (&4, *), i.e,, it preserves the Jordan products:

p(AxxB) = p(A) *p(B), A, BEe34,.

The mappings p and h are referred to as representations in (Jordan) algebra.

Our main result, Theorem 2.1, extends this result to a result for the Wishart-Laplace distribution. Also both Theorems 2.1
and 2.3 may be extended to the case where Y ~ Ny, (¢, Xy) and u # 0. This extension is simply a matter of adding extra
conditions in [9,8].

We remark that the use of representation theory can hardly be over emphasized. Through abstraction, Jordan algebra
and its representations can be much more general (see [13,11,14-18,12]). For the present paper, Jordan algebras of the type
4y with Jordan products * or *¢ are enough. Our results may be extended to the case where Y is complex normal (or even
the quaternion normal); this requires the general theory of Jordan algebras and is beyond the scope of the present paper
(see [19]).

Below is a summary of the notation used in what follows.

Mqxp: the family of a x b matrices over .

8,4: the family of symmetric a x a matrices over .

Mg: the family of nonnegative definite a x a matrices over .

Al2: for A € N,, AV? will always be the unique nonnegative definite square root of A.

AT: the Moore-Penrose inverse of a matrix A € Mgxp.

A°: for A € Myyp, A° = AAT is the orthogonal projection of %? onto the image of A.

{, ): the trace inner product on Mgy, (A, B) = tr(AB’).

llI: the trace norm on Mgy, ||All%> = (A, A).

A®B:forA € Mgxp, B € Mcxa,A® B = [a;iB] € Macxpa-

(84, *): the family 8, with the Jordan product A x B = %(AB + BA).

(84, *c): the family $, with the Jordan product A ¢ B = %(ACB + BCA).

XG0 for X in 8,, X™*¢) represents X to the power m with respect to the Jordan product ¢: X™*¢) = XCXCXCX ... XCX
with X appearing m times in the product.

Kyp: the commutation matrix K, has the following basic properties: K, = Kpn, KnpKyy, = Inp, Knp(A® B)Kgr = B®A, A €
Mpxq, B € Myyr, and for arandomn x p matrix Y, Xy, = I(,/,p XyKnp; see, for example, [20].

Y ~ Npyxp(it, Xy): Y isann x p random matrix with mean p and covariance matrix Xy. By this, we mean that random
vector §(Y) is normal with mean §(u) and covariance ¢(Xy), where §(Y) and §(u) represent the coordinate vectors of
Y and p in ™ with respect to an orthogonal basis for My, and ¢ (Zy) = E(8(Y) — 8(u))(8(Y) —8(w))". (8(-) and ¢(-)
above may also be written as [-]).

DW,(m,, my, X): the Wishart-Laplace distribution with (m;, m,) degrees of freedom and p x p nonnegative definite
scale matrix X, i.e. the distribution of Z’KZ, where Z ~ Ny»p (0, Iy ® X) and K = diag[ln,, —In, .

2. Main results

The main theorems of this section require several notions and results some of which arise from the general theory of
Jordan algebras. For convenience these notions and results are given in the Appendix (see Lemmas A.1-A.3) and will be
referenced when necessary.

We shall now state and prove our main result.

Theorem 2.1. Suppose that:

(A1) Y ~ Nuxp(0, Xy);
(A2) Zy =L L=[L1, Ly, ..., Lp]7 Li € Mgxn, q < np;
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