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the nonparametric estimation of optimal cut-points. Our investigation reveals that the
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1. Introduction

In many biomedical and behavioral studies, to identify a certain disease in human body, different instruments or rating
scales are utilized. Typically, measurements are made on a continuous scale; however, researchers are often interested in
dividing a continuous scale into ordered categories for reasons such as clinical interpretations of results and simplification
of the instrument (O’Brien, 2004). For example, depression is a common problem in medically-ill patients with diabetes
and other chronic diseases (Moussavi et al., 2007). The psychiatric diagnostic interview instruments, such as the Mini
International Neuropsychiatric Interview (MINI) diagnostic interview (Sheehan et al., 1998), in general provide accurate
psychiatric diagnoses in the medically healthy individuals. However, the MINI interview instrument is too time-consuming
for sick patients and requires trained psychiatric interviewers, which are not always affordable or available. On the other
hand, dimensional psychometric instruments designed to measure the same state of the disease, such as the 20-item Zung
Depression rating scale (Zung, 1965), require less time and could be self-administered by patients. The established total
observer-rated MINI score has been interpreted with well-accepted graded severity of depression such as no depression,
mild depression, and markedly severe depression (Sheehan et al., 1998). While the self-reported Zung scale has many
advantages, there are no routine, reliable cut-points of Zung provided to reflect the degree of the severity of depression.
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Establishment of such cut-points would enhance the utility of the convenient Zung rating scale in the screening or diagnosis
of depression, particularly in large medically-ill patient populations.

Analytic methods for determining cut-points of a continuous scale based on validated categorical measurements, despite
their practical importance, have not been well studied. For example, Youden index (Youden, 1950) and its variants based on
receiver operating curve (ROC) (Pepe, 2003) were studied for identifying the “best” cut-point to dichotomize a continuous
scale (Kraemer, 1988; Schisterman et al., 2005; Perkins and Schisterman, 2006). However, this type of approach can only deal
with a single cut-point, and moreover, lack formal inference procedures about the estimated cut-point. For the general cases
possibly involving two or more cut-points, existing approaches are mostly based on ad hoc arguments and generally lack
statistical rigor. For example, the following methods were used in the literature: (a) considering arbitrary cut-points or a cer-
tain sample quantile like the median or a cut-point that corresponds to the highest proportions of correct classification with
a gold standard (Altman et al., 1994; Mazumdar and Glassman, 2000); (b) finding out cut-points that result in disease rates
consistent with a known population disease prevalence (Altman, 1991); and (c) depending on clinicians’ experience (Altman
et al., 1994). The fundamental deficiency of all these methods is that the criterion levels or cut-points are generally decided
subjectively on the basis of the probabilities of Type I/II misclassification, and “judgment” or “experience”. Several authors
(James, 1978; Brownie and Habicht, 1984) proposed to minimize the variance estimator of the prevalence of a disease by
assuming a mixture of normal distributions; however, this criterion is restricted by the distribution and is valid only for the
cases with a single cut-point. Baughman et al. (2006) also used a mixture model but the maximum likelihood estimators may
not be accurate when the distributions are not well separated, the sample size is small, or the mixture model is misspecified.

In this work, we seek to develop a general and objective analytic framework for addressing the problem of determining
cut-points in a continuous scale according to an established ordinal scale. To this end, a fundamental question is, what are the
most desirable or optimal cut-points? A common viewpoint in practice is that meaningful cut-points in a continuous scale
should produce high agreement or association between the newly categorized continuous scale and established categories.
Therefore, we propose to evaluate each set of cut-points by some criterion that reflects a desirable relationship between
two ordinal scales (e.g. high agreement or association). From doing so, we obtain a function of cut-points, which we shall
refer to as a criterion function. We then define the optimal set of cut-points as the one that optimizes the criterion function.

We propose a general formulation of criterion functions, which are expressed as a smooth function of cell probabilities of
the contingency table formed from cross-tabulating an established categorical scale and the newly categorized continuous
scale based on a given set of cut-points. Our definition encompasses many important special cases, including those where
cut-points are evaluated by weighted kappa (Cohen, 1960; Agresti, 1990), Kendall’s 3, correct classification rate (Kendall,
1938; Agresti, 1990), or Youden'’s index in ROC. The general specification of criterion functions forms the foundation of the
proposed unified framework for investigating cut-points based on various criteria.

We study the estimation of optimal cut-points without imposing any parametric assumptions on the distributions of
the data. We consider a natural approach, which is to optimize a nonparametric estimator of the criterion function, called
empirical criterion function hereafter. For instance, one may adopt weighted kappa statistic when the criterion for optimal
cut-points is weighted kappa coefficient. While the basic idea is conceptually intuitive and has been adopted in practice
in an ad-hoc way, our detailed investigation indicates that such a method is subject to nonstandard theory and requires
special attention to its inference procedures. For example, the resulting estimator has a slower convergence rate lower than
the usual root n, and may not possess asymptotic normality. The main issue is that an empirical criterion function is usually
not smooth, and more specifically, involves cut-points through indicator functions. The challenge resembles the difficulty
in M-estimation with non-smooth objective function (Chernoff, 1964, for example). Nevertheless, the proposed estimator is
yet not a M-estimator. As a result, existing methods that deal with non-smooth M-estimation, for example, Kim and Pollard
(1990), are not directly applicable.

In this work, we employ the technique of empirical processes and conduct rigorous asymptotic studies for the proposed
nonparametric cut-point estimator. It is important to point out that our theoretical framework is quite general and may
be adapted to many other estimation settings that involve maximization of non-smooth objective functions. Provided the
nonstandard asymptotic properties of the proposed estimator, bootstrapping fails to work properly (Kosorok, 2008). We
propose to use subsampling (Politis et al., 1999) as a well justified device for inferences including variance estimation and
confidence intervals.

We elaborate in Section 2 the proposed method for determining cut-points in a continuous scale. We present the general
problem formulation, the proposed nonparametric estimation, and the corresponding asymptotic results and inference.
Extensive simulation studies reported in Section 3 demonstrate satisfactory finite-sample performance of our proposals, and
also help confirm some of our theoretical results. In Section 4, we illustrate our method via an application to a mental health
study. Our analysis suggests a refinement of current empirical rules for categorizing depression among diabetic subjects
based on the Zung rating scale. A few concluding remarks are provided in Section 5.

2. The proposed method

2.1. A general formulation of optimal cut-points

Let Y denote an ordinal measurement that takes ordinal values, 1 < --- < L. Let X denote a continuous measurement
bounded between x; and xy,. All possible cut-points for X according to the L categories of Y form a compact parameter space,
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