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a b s t r a c t

The problem of testing hypotheses of a unit root and a structural change in one-

dimensional time series is considered. A non-parametric two-step method for solution

of the problem is proposed. The method is based upon the modified Kolmogorov–

Smirnov statistic. At the first step of this method the hypothesis of stationarity of an

obtained sample is tested against a unified alternative of a statistical non-stationarity of

a time series (a unit root or a structural change). At the second step of the proposed

method, in case of rejecting the stationarity hypothesis at the first step, the hypothesis

of an unknown structural change is tested against the alternative of a unit root. We

prove that probabilities of errors (false classification of hypotheses) of the proposed

method converge to zero as the sample size tends to infinity.

& 2011 Elsevier B.V. All rights reserved.

1. Introduction

Models with unit roots and structural changes (change-points) are often used in econometrics and financial mathematics. To
test these hypotheses is one of the most difficult problems in the theory of non-stationary time series. As Perron (2005) remarks
in his review of the modern state of this theory, a presence of a structural change in data substantially worsens power of all
known tests for unit roots (e.g. the ADF (augmented Dickey and Fuller, 1979, 1981), KPSS (Kwiatkowski–Phillips–Schmidt–Shin,
1992) test), and vice versa, testing for a structural change for models with (possible) unit roots is extremely difficult.

In Perron’s opinion, the reason for this situation is that most tests for unit roots and structural changes are statistically
‘sensitive’ to all of these types of non-stationarity. The real problem is to propose statistical tests which can discriminate
between unit roots and structural changes (see Perron, 2005) in non-stationary time series models.

In the econometric context, this problem was actual after the Nelson and Plosser (1982) study of 14 macroeconomic time
series of the US economy. The authors demonstrated that the ADF test cannot reject the stochastic trend hypothesis for most
of these series. After that Rappoport and Reichlin (1989) and especially Perron (1989, 1994) showed that the mere presence
of a structural change in the data precludes effective testing of a stochastic trend hypothesis. For example, if a structural shift
in level is present in data, then the MLE estimate of the first autoregressive coefficient is asymptotically biased to 1.
Therefore, the ADF test with the modified threshold (MacKinnon, 1996) confirms the hypothesis of a stochastic trend in data.

In subsequent papers by Montanes and Reyes (1999, 2000) it was demonstrated that the Phillips and Perron (1988) test
for unit roots has similar problems.

The situation becomes even more complicate if instants of structural changes are unknown. Christiano (1992), Banerjee
et al. (1992), Zivot and Andrews (1992), Perron and Vogelsang (1992), and Perron (1997) showed that power of all known
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tests for unit roots drops significantly for samples with structural changes at unknown instants. Some preliminary ideas
how to deal with these problems were proposed in Perron and Yabu (2009) and Kim and Perron (2005).

So, we conclude that the problem of testing the unit root and the structural change (change-point) hypotheses is very
actual for non-stationary time series.

In this paper, we propose a two-step non-parametric method for testing and discriminating hypotheses of a structural
change and a unit root based upon the modified Kolmogorov–Smirnov test. At the first step of the proposed method the
hypothesis of stationarity of an obtained time series is tested against the unified alternative of non-stationarity of
observations (a structural change and a unit root). At the second step (for an accepted hypothesis of non-stationarity) we
test the hypothesis of an unknown structural change against the alternative of a unit root. We prove that the probabilities
of errors (erroneous testing and classification of hypotheses) for the proposed method tend to zero exponentially with an
increasing sample size.

2. Problem statement and assumptions

2.1. Motivation

For motivation of subsequent assumptions, let us consider the following model of a time series which is often used in
practice. Suppose that a one-dimensional time series fYtg is described by the model AR(p), i.e.

Yt ¼ a1Yt�1þ � � � þapYt�pþut ,

where futg is the sequence of i.i.d.r.v.’s, Eut ¼ 0; s2
u ¼ Eu2

t ; 0os2
uo1 (here and below we denote by EðPÞ the mathematical

expectation (probability measure)). Suppose that the characteristic polynomial

pðzÞ ¼ 1�a1z� � � � �apzp, z 2 C

has one unit root pð1Þ ¼ 0 and all other roots of this polynomial lie outside the unit circle. Then pðzÞ ¼ pnðzÞð1�zÞ and the
polynomial pnðzÞ has no roots inside the unit circle.

It follows from here that 1=pnðzÞ exists for 9z9r1. Then pðLÞ ¼ pnðLÞDYt ¼ ut , where L is the delay operator. Since the
polynomial pnðLÞ can be inverted, we have the following representation:

Yt ¼ Yt�1þ
X
jZ0

bjut�j

for some coefficients fbjg.
This means that the considered process Yt can be described by a random walk model with dependent errors. Remark

that an analogous representation is valid for the process fYtg described by the ARMAðp,qÞ model with one unit root.

2.2. Problem statement

Based on Section 2.1, we conclude that most situations of unit roots and structural changes in one-dimensional time
series can be described by the following model:

ei ¼ rei�1þui, e0 � 0, i¼ 1, . . . ,N, ð1Þ

where fuig is a sequence of dependent i.d.r.v.’s with zero mean and finite variance.
The problem statement is as follows. Consider model (1) and let the observation sample fyig

N
i ¼ 1 is given. It is necessary

to test the following hypotheses:

� the hypothesis of stationarity H0 : yi ¼ ei, i¼ 1, . . . ,N, 9r9r1�d, where d is known;
� the hypothesis of a structural change H1: yi ¼ hIðiZ ½yN�Þþei; i¼ 1, . . . ,N, 9r9r1�d (here and below IðAÞ is the

indicator function of a set A, [a] is the integer part of a number a).

In this case y is an unknown parameter (the relative change-point), 0oaryr1�ao1, where a is known constant, h is
unknown parameter (the size of a structural change) such that 0obr9h9, and b is known constant;

� the unit root hypothesis H2 : r¼ 1, yi ¼ ei, i¼ 1, . . . ,N. Under hypothesis H1 the family (under parameters ðy,hÞÞ of

probability measures fPy,hg is considered. In this case we consider also the problem of the change-point n̂ ¼
def
½yN�

estimation.

2.3. Assumptions

First, let us introduce and remind necessary notations. Consider the probability space ðO,F,PÞ. Let H1 and H2 be two
s-algebras contained in F. Let LpðHÞ be a collection of Lp-integrated random variables X measurable with respect to some
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