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1. Introduction

Variance estimation can be a challenging task for statistics derived from spatial point processes, because the dependence
structure of the process may be highly complex. For example, in an ecological setting, a spatial point process may consist of
the spatial locations of a particular tree species in a plot. These spatial locations may be clustered (i.e., positively correlated)
at arelatively larger scale due to seed dispersal, but are inhibitive (i.e., negatively correlated) at a much smaller scale because
of competitions among neighboring trees for common resources. It is often difficult to derive a flexible class of parametric
models to fully describe the complex dependence structure. As a result, nonparametric variance estimation procedures
such as subsampling and block bootstrap have been developed, because they rely on fewer assumptions on the dependence
structure of the spatial point process (e.g., Politis and Sherman, 2001; Guan and Loh, 2007; Guan, 2009). To apply either
subsampling or block bootstrap, one would have to first form (overlapping) subblocks from the observation window. This
can be challenging and computationally intensive, because there are many different ways to select such subblocks.

Heinrich and ProkesSova (2010) recently developed a kernel estimator for the variance of an intensity estimator derived
from a stationary point process. Their approach does not require forming any subblocks and is closely related to kernel
estimation of the spectral density at O for stationary time series (e.g. Politis, 2003). In this paper, we extend the approach
of Heinrich and ProkeSova (2010) to the nonstationary setting, where the intensity of the process varies across space.
Specifically, we aim to estimate the covariance between the following two statistics:
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where f(-) and h(-) are real-valued Borel measurable parametric functions defined on R? and X,y is a spatial point process
observed over W C RY.Statistics in the forms of (1) are particularly useful in both nonparametric and parametric estimations
of the intensity; see Section 2 for example.

To derive our covariance estimator, we first show that the covariance between f (-) and h(-) can be written as the sum of
two integrals, the first of which is a single integral defined in terms of f (-), h(-) and the intensity of the point process while
the second is a double integral also involving the pair correlation function. We then develop a plug-in estimator for the
single integral and a kernel estimator for the double integral. To avoid numerical integrations which can be computationally
intensive, we develop a novel approach by augmenting the original point process with a separate simulated homogeneous
Poisson process (see Section 3 for details).

Our proposed covariance estimator is more general than the variance estimator given in Heinrich and ProkeSova (2010)
for two reasons. First, we consider nonstationary point processes with varying and typically unknown intensities instead
of stationary point processes as considered in Heinrich and ProkeSova (2010). The unknown intensity must be estimated
and its effect needs to be properly accounted for especially when studying the theoretical properties of our estimator.
Second, we consider more general forms of f(-) and h(-) whereas Heinrich and ProkeSova (2010) focused on the case
f(¢) = h(-) = 1. Compared to estimators based on subsampling or block bootstrap, our estimator is computationally
more efficient. Moreover, it does not require forming any subblocks and can therefore be applied to data observed over
highly irregularly shaped windows. It should be noted that subsampling and block bootstrap can be applied to estimate
other distributional features of these statistics (e.g. Politis et al., 1999; Lahiri, 2003). However, we focus only on covariance
estimation here.

The rest of the paper is organized in the following way. In Section 2, we provide background on spatial point processes
and introduce notation. In Section 3, we derive our proposed estimator and study its asymptotic properties. We illustrate
the methodology through simulation in Section 4 and an application to tropical forestry ecology in Section 5. All technical
proofs are contained in the Appendix.

2. Background and notation

Let X be a spatial point process defined on R¢, which we view as a random locally finite subset of RY. Let X,y = X N W
where W c R?is a compact set of positive Lebesgue measures |W|. Then, the number of points in Xy, denoted by n(Xy)
or by N(W) in this paper, is finite, and a realization of Xy is of the form x = {x4, ..., X} C W for some nonnegative finite
integer m. If m = 0, then x = ¢ is an empty point pattern in W. For further background and measure theory on spatial
point processes, see e.g. Daley and Vere-Jones (2003) and Mgller and Waagepetersen (2004). Foru € R¢and E C RY, ||u]|
stands for the Euclidean norm of u and d(-, E) denotes the distance given by d(u, E) = inf,cg{||v — u||}. Finally, 8(u, R) is
the Euclidean ball centered at u with radius R.

We assume that X has a locally integrable intensity function p. By Campbell’s theorem (e.g. Mgller and Waagepetersen,
2004d), for any real Borel function k defined on RY such that kp is absolutely integrable with respect to the Lebesgue measure
on RY,

EZk(u) =/ k(u)p(u) du. (2)
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Furthermore, for any integer [ > 1, X is said to have an Ith-order product density p; if p; is a non-negative Borel function on
R? such that for all non-negative Borel functions k defined on R4

#
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where the sign # over the summation means that uq, ..., u; are pairwise distinct. Note that p = p;.

We assume that p has a parametric form, i.e. p(u) = p(u; ) for & € ® C RP and for all u C R%. We consider in this
paper the class of second-order intensity reweighted stationary (SOIRWS) point processes (e.g. Mgller and Waagepetersen,
2004), for which the pair-correlation function g, given by

g, v) = p2(u, v)
' pw)p(v)’

for any u, v € RY with the convention a/0 = 0 for a > 0, is translation invariant, i.e. g(u, v) = g(u — v, 0) where o is the
origin point. For ease of presentation, we denote g(u — v) = g(u, v).

Let 0* be the true value of the parameter and let (W;),>1 be a sequence of bounded regions with volume |W,| such that
W, expands unboundedly in all directions as n — oo. The aim of this paper is to estimate the quantity:

Cn = (0% == [Wa| " Cov | D f(w;67), D hw; 6" |, 4)
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