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a b s t r a c t

Suppose all events occurring in an unknown number ðnÞ of iid renewal processes, with a

common renewal distribution F, are observed for a fixed time t, where both n and F are

unknown. The individual processes are not known a priori, but for each event, the

process that generated it is identified. For example, in software reliability application,

the errors (or bugs) in a piece of software are not known a priori, but whenever the

software fails, the error causing the failure is identified. We present a nonparametric

method for estimating n and investigate its properties. Our results show that the

proposed estimator performs well in terms of bias and asymptotic normality, while the

MLE of n derived assuming that the common renewal distribution is exponential may be

seriously biased if that assumption does not hold.

& 2012 Published by Elsevier B.V.

1. Introduction

Suppose signals are received, in continuous time, from an unknown number ðnÞ of sources, where for each signal, its
source is also observed. Thus, any specific source is detected when its first signal is received. Obviously, any source that
does not send a signal during the observation period remains undetected. While each source induces a point process, the
observed event (signal receiving) times come from the superposition of all the processes. The situation considered here
may arise in continuous time capture–recapture experiments, where each animal or species acts as one source. In software
testing, each error (or bug) is a source for causing software failures and the overall failure process is a superposition of an
unknown number of point processes.

We shall consider the case where the overall process is observed for a fixed time t. Formally, we observe the values of
the following random variables: R is the number of detected processes (or sources), Mi the number of events in the ith

detected process, i¼ 1, . . . ,R, and Tij the jth inter-event (renewal) time in the ith detected process, i¼ 1, . . . ,R,j¼ 1, . . . ,Mi.

Then, Si ¼ t�
PMi

j ¼ 1 Tij is the last censored event time for the ith detected process. We shall let M¼
PR

i ¼ 1 Mi denote the

total number of events observed. Following the standard convention we shall use upper case letters to denote random
variables and lower case letters to denote their observed values.

It is most convenient to assume that all component processes are iid Poisson processes with a common but unknown
rate l (e.g., Becker, 1984; Nayak, 1988, 1991; Chao and Lee, 1993). Under the Poisson assumption, the maximum likelihood
estimators (MLE) of n and l as well as their distributions have been obtained in Nayak (1988, 1991), which are reviewed
briefly in Section 2. More generally, Dewanji et al. (1995) assumed that the component processes are iid renewal processes
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with a common renewal density f yð�Þ and cdf Fyð�Þ, where y is an unknown parameter vector. They discussed maximum
likelihood estimation of n and y and derived asymptotic normality of a class of estimators, which includes the MLE. We
shall review some of their results in the next section. Several authors have discussed the estimation of a population size based
on continuous time capture–recapture data under various settings; we refer to Chao and Lee (1993), Lloyd (1994), Wilson and
Anderson (1995), Yip et al. (1996), Xi et al. (2007), and Yoshida et al. (1996) for further reading and additional references.

In this paper, we focus on estimating n, assuming that all components are iid renewal processes. In contrast to Dewanji
et al. (1995), which assumes a parametric family for the renewal density, we present a nonparametric estimator. Naturally,
any estimator of n derived for a parametric family of renewal distributions is likely to be sensitive to the assumptions
about the renewal distribution. Because of mathematical and computational simplicity one may be tempted to use the
MLE (n̂exp) of n derived assuming that the renewal distribution is exponential. A natural question is: Can the simple
estimate based on exponential distribution be used regardless of the true renewal distribution? Thus, we also explore the
bias of n̂exp when the true distribution is not exponential. We should note that both n̂np and n̂exp are infinite if and only if M

¼ R. However, P (M ¼ R) is typically very small. Nevertheless, we compare them by their simulated mean, median and
standard deviation, when they are finite.

In Section 2, we describe briefly some results of Nayak (1988) and Dewanji et al. (1995) for Poisson and parametric
renewal processes. In Section 3, we introduce our nonparametric method along with two computational methods for
obtaining the nonparametric MLE (n̂np) of n. In Section 4, we discuss some asymptotic properties of n̂np, as n-1. In Section
5, we investigate, by means of simulation, the performance of both n̂np and n̂exp under different renewal distributions. We
find that the nonparametric estimator performs well in terms of bias and asymptotic normality, while n̂exp can be severely
biased when the true renewal distribution is not exponential.

2. Preliminaries

In a parametric setup, Dewanji et al. (1995) derived the likelihood function for the observed data described in the
previous section as

Lðn,yÞ ¼
n!
ðn�rÞ!

½F ðt; yÞ�n�r
Yr

i ¼ 1

Ymi

j ¼ 1

f ðtij; yÞ
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;F ðsi; yÞ

2
4

3
5, ð1Þ

where f ð�; yÞ is the renewal density function with F ð�; yÞ being the corresponding survival function. They also noted that for
any given y (with Fðt; yÞo1), the likelihood in (1) is maximized (with respect to n) by

n̂ðyÞ ¼ r

1�F ðt; yÞ

� �
, ð2Þ

where bxc is the largest integer not exceeding x. Thus, if y is known, n̂ðyÞ in (2) is the MLE of n. For most distribution
families, the maximization of (1) with respect to y, for given n, can be done only numerically. For the joint estimation of n
and y, Dewanji et al. (1995) suggested the following iterative procedure. Starting with an initial estimate nð0Þ of n, calculate
an estimate yð0Þ of y by maximizing Lðnð0Þ,yÞ. Then, use yð0Þ in (2) to obtain nð1Þ ¼ n̂ðyð0ÞÞ, and then calculate yð1Þ by
maximizing Lðnð1Þ,yÞwith respect to y. Repeat this process until convergence is achieved. In practice, one should use several
initial estimates nð0Þ to be confident that a global maxima is obtained. We may also note that the MLE of n and y may not
exist. For example, if the renewal distribution is exponential, the MLE exists if and only if m4r, where m¼

Pr
i ¼ 1 mi.

As a simpler alternative, Dewanji et al. (1995) suggested a conditional maximum likelihood (CML) method, where y is
estimated by maximizing (with respect to y) the conditional likelihood, given R¼r, which is given by
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The maximizer of (3), denoted by ŷc , is a conditional maximum likelihood estimator (CMLE) of y. The CMLE of n is then
obtained by using y¼ ŷc in (2).

Dewanji et al. (1995) also derived certain asymptotic properties (as n-1) of the MLE and CMLE. In particular, (i) if (3)
is maximized uniquely, then under certain mild conditions, ŷc is a consistent estimator of y, (ii) the CMLE and MLE are
asymptotically equivalent and (iii) for a broad class of estimators ðn̂,ŷÞ, which includes the MLE and the CMLE, as n-1,

½n1=2ðŷ�yÞ,n�1=2ðn̂�nÞ��!L N ð0,SÞ, ð4Þ

where

S¼
IðyÞ �d
�d0 Fðt; yÞ=F ðt; yÞ
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