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ABSTRACT

We consider Markov-dependent binary sequences and study various types of success
runs (overlapping, non-overlapping, exact, etc.) by examining additive functionals
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based on state visits and transitions in an appropriate Markov chain. We establish a
multivariate Central Limit Theorem for the number of these types of runs and obtain its
covariance matrix by means of the recurrent potential matrix of the Markov chain.
Explicit expressions for the covariance matrix are given in the Bernoulli and a simple
Keywords: Markov-dependent case by expressing the recurrent potential matrix in terms of the
Runs . stationary distribution and the mean transition times in the chain. We also obtain a
Markov chains multivariate Central Limit Theorem for the joint number of non-overlapping runs of

Potential matrix - : d sive it i trix i licit f for Markov d dent
Central Limit Theorem for runs ;/grl]ous sizes and give its covariance matrix in explicit form for Markov dependen
rials.
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1. Introduction

In a sequence of binary trials, {&;} with & € {0,1},i=1,2,..., (success=1 or failure=0) a success run of length k is the
occurrence of k consecutive successes. We will not discuss here the vast array of applications of the analysis of runs and
patterns in Statistics and Applied Probability; for this we refer the reader to Balakrishnan and Koutras (2002) and Fu and
Lou (2003).

Given a realization of n trials there are several different ways of counting the number of success runs of length k
depending, among other considerations, on whether overlapping in counting is allowed or not. A success run of length k
occurs at position m > k of the binary string &;,&,,...,&, if

ém—k+1 =fm—k+2 = =€m—l = m=1- (1)

Counting all the positions m=kk=1,...,n for which the above condition holds gives the count M, of the number of
success runs with overlapping allowed. A non-overlapping success run of length k occurs at position m if (1) holds and no
non-overlapping run of length k has already occurred in positions m—k+1, m—k+2,...,m—1. The number of non
overlapping runs of length k in a string of n trials is denoted by N, . Runs of exact size k are also of interest, i.e. k
consecutive successes flanked on the left and right by failures. An exact run of size k occurs at position m > k if, in addition
to (1), &k =0and &, 1 =0. We denote the number of exact runs of size k in a string of n trials by J,, ,. Note that, when the
values of the &;’s are revealed sequentially, an exact run that occurs at position m will be counted when the value of &,
becomes known. Finally, we say that a run of size greater than or equal to k occurs at position m if (1) holds and &,,_;, = 0.
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Gn.r» denotes the number of success runs of size greater than or equal to k in a string of n trials. In a string of consecutive
successes of length greater than k only one run of size greater than k is counted according to this definition. See Fu and Lou
(2003) for further clarifications regarding these definitions. To illustrate, if n=13 and k=2, in the binary string
0111101110110 we have the following success run counts: Ni33 =4, Gi3, =3, M3, =6, and Ji3,=1.

In this paper we consider Markov dependent binary trials. We investigate the asymptotic form of the joint distribution of
(NpjoMp o GrkoJ ), @s n—oo and k is fixed, and show that it obeys a multivariate Central Limit Theorem (CLT). For this
purpose we consider an appropriate Markov chain and we express the number of success runs of the kind mentioned as
additive functionals based on state visits and state transitions for this chain. The multivariate CLT follows then from
standard results for such functionals. The covariance matrix of the limiting normal distribution is expressed in terms of the
stationary distribution of the Markov chain and its recurrent potential matrix (also known as the fundamental matrix). This
allows for the efficient numerical computation of the covariance matrix for quite general types of Markovian dependence
of the binary trial sequence. In the special case of simple two-state Markovian dependence (and of course in the case of
Bernoulli trials) we take advantage of the connection that exists between the potential matrix of the chain and the mean
transition times between the states of the chain. By straightforward, if somewhat involved, calculations we are able to
obtain explicit expressions for the potential matrix, and therefore for the covariance matrix itself, in terms of the
parameters of the model. The same technique is used to obtain a multivariate CLT for the number of non-overlapping runs
of different sizes, (Np,, - - . ,Nn, ), in Markov dependent trials and to compute the corresponding covariance matrix. Besides
its intrinsic interest and applications in areas including quality control, randomness tests, and reliability, we indicate
applications of this result to the analysis of manufacturing systems with random yield.

Many results exist on the exact distribution of these types of runs for Bernoulli trials and, in some cases, also for
Markov-dependent trials. Important unified approaches based on Markov chain techniques include Stefanov and Pakes
(1997) where exact results are obtained for runs and more general patterns and Fu and Koutras (1994) who give the
distributions of the run statistics Ny ,Mp k.G iy together with the size of the longest run for non-homogeneous
Bernoulli trials. There are also approximations based on limit theorems that establish convergence to Poisson or compound
Poisson limits in certain asymptotic regimes and which are especially important in applications. For an overview of these
approximations see Barbour and Chryssaphinou (2001).

CLT approximations for the number of runs have a long history. Despite their limited accuracy they remain an
important theoretical and practical tool in the analysis of runs. Feller (1968) using arguments based on the Central Limit
Theorem for renewal processes, gave an normal approximation for the number of non-overlapping success runs in i.i.d.
trials. Setting

_ -l_pk

p _gp*—k+1)(gp*)*—qp3+1

2
" and o°= d_py? R 2)
he shows that (Nn,k—n,u)/a\/ﬁi/\/(o,l). The same approach is essentially used in Fu et al. (2002) in order to obtain the
limiting distribution of the number of successes in success runs of length greater than or equal k in a sequence of Markov
dependent binary trials. Fu and Lou (2007) obtain in the same fashion a CLT approximation for the number of non-
overlapping occurrences of a simple or compound pattern in i.i.d. multi-type trials.

A different approach towards establishing the asymptotic normality of the number of runs that has been widely used is via
the Hoeffding-Robbins Central Limit Theorem for k-dependent random variables. A CLT for M,, , with i.i.d. Bernoulli trials was
obtained along these lines by Godbole (1992) expressing M, as a sum of stationary (k—1)-dependent indicators. Using a
similar approach Hirano et al. (1991) gave explicit results establishing that (Mn‘k—(n—k+1)pk)/aﬁ£>N(0,1) where

2p*(1-pY
o

0% = —p*(1-ph—2kp* + 3)
Jennen-Steinmetz and Gasser (1986) also use the CLT for k-dependent random variables in order to obtain a multivariate
limiting normal distribution for success and failure runs of various lengths with Bernoulli trials that do not necessarily have the
same probability of success but which obey certain asymptotic conditions. The same approach is used in Fu and Lou (2007) in
order to obtain normal approximations for the number of overlapping occurrences of simple patterns in multi-type i.i.d. trials
and in Makri and Psillakis (2011) which obtains a CLT approximation for J, y.

An alternative and far-reaching approach based on exponential families of random variables has been pioneered by
Stefanov (1995) for the analysis of the number of occurrences of runs and patterns in binary trials. By essentially
constructing an exponential martingale from the transitions of an appropriate Markov chain, and a stopping time
corresponding to the completion of the pattern in question, he is able to derive both exact distributional results and CLT
approximations for the joint number of success runs of various sizes and to determine the corresponding limiting
covariance matrix. We refer the reader also to Stefanov (2000) and Stefanov and Pakes (1997) for further details.

A very rich literature exists on the wider problem of the number of occurrences of patterns in strings of multi-type
trials, typically independent or with Markovian dependence (see Reinert et al., 2000 for a review). In the study of the joint
distribution of pattern frequencies in strings of multi-type trials in Rukhin (2007) the potential matrix of a Markov chain
whose states are words of a given length is used explicitly in order to obtain the asymptotic covariance matrix in the
corresponding CLT. The potential matrix is determined in that case via the pattern correlation matrix (as opposed to the
results of this paper where it is determined using explicit computations for the mean transition times between states). We
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