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growing sample size. In this paper we consider as a measure of discrepancy (D,) the
squared difference between Bayesian and frequentist point estimators of the parameter of
a model. We derive the predictive distribution of D, for finite sample sizes in the case of a
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1. Introduction

Bayesian statistics offers the theoretical framework for combining experimental and extra-experimental information on
phenomena under study. As a consequence, Bayesian procedures for inference on an unknown parameter of a statistical
model take into account both experimental data and information on the parameter incorporated in the so-called prior
distribution.

In the presence of pre-experimental information, frequentist and Bayesian procedures, such as point or interval estimates
based on the same observed sample, in general, do not coincide. However, in many standard parametric problems, the
discrepancy between frequentist and Bayesian procedures is rather limited when sampling information dominates the prior
distribution. Furthermore, this conflict tends to disappear as the sample size increases and, for sufficiently large sample
sizes, frequentist procedures may provide good approximations of Bayesian methods.

A paradigmatic example is the estimation problem for the expected value of a normal random variable. In this case (see
Section 4.1 for technical details), given n observations from independent and identically distributed (i.i.d.) normal random
variables, the standard Bayesian estimate of ¢ is a linear combination of the sampling mean, X,,, and of a prior guess on the
parameter, yu,:

(1—an)Xn+anps, ane(0,1), (1)

where a, tends to zero as n diverges. Therefore, for a sufficiently large sample size, (1 —ap)X, +anps ~ Xy, i.e. the Bayesian
estimate (1) is well approximated by the sample mean.
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In most of introductory books on Bayesian inference (see, for instance, Berger, 1985; Bernardo and Smith, 1994; Gelman
et al., 2004; Lee, 2004; O’Hagan and Forster, 2004; Robert, 2001), the progressive reduction of conflict between Bayesian
and frequentist procedures is typically showed only as a limiting result. In this paper we propose a predictive finite-sample
look at the problem, in the case of point estimation. First, we introduce a measure of conflict between a Bayesian and a
frequantist point estimator. Then, we study its predictive distribution. This pre-posterior comparative analysis allows one to:

(i) know in advance (before observing the data) what discrepancy is expected for a sample size, n* chosen according to a

standard criterion (for instance, a criterion based on the power function of a test);

(ii) evaluate the expected impact of the prior distribution on the predictive discrepancy measure, i.e. quantifying the
degree of informativeness of a prior distribution for given sample sizes.

(iii) evaluate the expected progressive reduction of discrepancy between two competing point estimates as n increases;

(iv) establish the minimum sample size that guarantees, with a chosen probability, that the discrepancy between estimates
is below a given chosen threshold, i.e. how large n must be so that a frequentist estimate provides an approximation of
the Bayesian estimate.

The topic of the paper is related to the more general problem of the relationships between frequentist and Bayesian point
estimation, whose literature is essentially endless. See, for instance, Bayarri and Berger (2004), Berger (1985), Samaniego
and Reneau (1994), Samaniego (2012), Bickel (2012) and references therein.

The paper is organized as follows. In Section 2.1, we introduce D,, the measure of conflict between a frequentist and a
Bayesian estimator. In Section 2.2 we specify the predictive distribution for D, to be used. In Section 3 we derive the general
expressions of D, its predictive cumulative distribution function (cdf) and its expected value in the case of one-parameter
exponential family with conjugate priors. These results are specialized to the case of the normal model, assuming both
known (Section 4.1) and unknown (Section 4.2) variance. In Section 4.3 we consider an illustrative example based on a
superiority clinical trial. Finally, Section 5 sketches some possible extensions of the presented methodology and Section 6
contains a discussion.

2. Methodology
2.1. A measure of discrepancy between estimators

Let X, = (X1, X3, ...,Xn) be a random sample from a probability distribution f,(:|¢), where ¢ is an unknown real-valued
parameter that belongs to the parameter space, @. Following the Bayesian inferential approach, we assume that ¢ is a
random variable, with distribution denoted by z4. For simplicity, assume that ® = R and that z, is a density function. We will
refer to r, as to the analysis-prior. It models pre-experimental knowledge/uncertainty on 0 based, for instance, on subjective
opinion of experts or historical data. Given an observed sample X, = (X1, X3, ..., Xn) and the likelihood function of 6, f,(X,|0),
the posterior distribution of the parameter is

_faGalO)za0)
Jof nXnl0)7a(0) dO°

We denote a Bayesian estimator of 9 as £3(X,,) whereas £(X,) is a generic consistent frequentist estimator. In this paper we
consider Ehe posterior expectation of the parameter 6, E(9|X,) = [,07(0Xy) d6, as &5 and the maximum likelihood estimator
(MLE) as &g. Nevertheless, all the following can be extended to other Bayesian and frequentist point estimators. As a measure
of discrepancy between &; and &; we consider the standard squared difference:

Dn(Xn) = [£p(Xn) — Ep(Xn)]2.

Before observing the data, &, & and D, are random variables (functions of X,;). We assume that, as n tends to infinity, D,
converges in probability to zero. Therefore, as the sample size increases, Bayesian and frequentist point estimators tend to
become closer and closer. In the next section we specify the predictive distributions of D, that we will use in the following.

7(0|Xn) =

2.2. Predictive analysis

Studying the predictive distribution of D,, is a typical pre-posterior problem. There are two main approaches to Bayesian
pre-posterior analysis: the conditional and the predictive approaches. See, for instance, Chaloner and Verdinelli (1995), in the
context of general Bayesian experimental design, and De Santis (2006), in the context of sample size determination. The
conditional approach prescribes the use of the sampling distribution f,(-|0), with 8 = up, a “guess-value” for the unknown
parameter. This method takes into account a single value for ¢ at the pre-experimental phase of the analysis and leads to
predictive evaluations that depend on this chosen value pp. The predictive approach implies the use of the prior predictive
distribution

Mp(Xe) = /@ Fr(XalO)mp(6) do,



Download English Version:

https://daneshyari.com/en/article/1149013

Download Persian Version:

https://daneshyari.com/article/1149013

Daneshyari.com


https://daneshyari.com/en/article/1149013
https://daneshyari.com/article/1149013
https://daneshyari.com

