
Smoothed empirical likelihood inference for the difference
of two quantiles with right censoring

Hanfang Yang a, Crystal Yau b, Yichuan Zhao c,n

a School of Statistics, Renmin University of China, Beijing, China
b Transmission Financial and Accounting Controls, Georgia Power, Atlanta, GA 30308, United States
c Department of Mathematics and Statistics, Georgia State University, Atlanta, GA 30303, United States

a r t i c l e i n f o

Article history:
Received 9 March 2012
Received in revised form
26 June 2013
Accepted 20 September 2013
Available online 14 October 2013

Keywords:
Censored data
Difference of two quantiles
Smoothed empirical likelihood
Confidence interval

a b s t r a c t

In this paper, using a smoothed empirical likelihood method, we investigate the difference
of quantiles in the two independent samples and construct the confidence intervals. We
prove that the limiting distribution of the empirical log-likelihood ratio is a chi-squared
distribution like Shen and He (2007). In the simulation studies, in terms of coverage
accuracy and average length of confidence intervals, we compare the empirical likelihood
and the normal approximation methods with the optimal bandwidth selected by cross-
validation. The empirical likelihood method has a better performance most of the time.
Finally, a real clinical trial data is used to illustrate how to generate empirical likelihood
confidence bands using bootstrap method.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

In probability theory, a useful quantity related to cumulative distribution function F is the quantile function. Assuming a
continuous and strictly monotonic distribution function, F : R-ð0;1Þ, there is an unique number xp for each p such that
FðxpÞ ¼ PðXrxpÞ ¼ p. xp is a number on the set of values of the random variable X, such that the fraction p of the total
probability is assigned to the interval ð�1; xpÞ. xp is called a pth quantile of the distribution. In general, the pth quantile of F
is defined by F �1ðpÞ ¼ inffxAR : prFðxÞg. The analysis of F �1ðpÞ has played one of the major roles in statistics, economics,
finance, risk management, etc.

Empirical likelihood (EL) is a nonparametric method of statistical inference based on a data-driven likelihood ratio
function. The empirical likelihood method is one of the most famous methodologies for nonparametric inference. The
deployment of the EL method with respect to survival analysis can be traced back to Thomas and Grunkemeier (1975).
The EL method was completely summarized in Owen (1988, 1990). In addition, EL confidence bands for quantile
function and survival function have been derived in Li et al. (1996) and in Hollander et al. (1997), respectively. For
complete data, Chen and Hall (1993) developed the smoothed EL inference for quantiles. Jing (1995), Qin and Zhao
(1997) and Qin (1997) respectively proposed methodologies for the confidence intervals of the difference between two
sample means and quantiles. For censored data, McKeague and Zhao (2005) proposed EL simultaneous confidence band
for the difference of distribution functions in two-sample case. Zhao and Zhao (2011) developed EL confidence intervals
for the contrast of two hazard functions motivated by Shen and He (2008). Moreover, Zhou and Jing (2003) proposed
the smoothed EL method for the difference of quantiles for one sample complete data. Then Shen and He (2007)
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proposed a smoothed EL method on the same setting for one sample with right censoring. In this paper, we
investigate the interval estimate of the quantile difference of two samples θ0 ¼ F �1

1 ðpÞ�F �1
2 ðpÞ. Adopting the method

proposed by Shen and He (2007), we develop the EL confidence interval for the difference of quantiles θ0 with two
samples.

The paper is organized as follows. In Section 2, the empirical likelihood procedure for the θ0 is developed. In Section
3, simulation studies are presented for comparing the performance between the smoothed empirical likelihood
confidence intervals and the traditional normal approximation confidence intervals. It is then followed by an analysis
on a real data application in Section 4. Section 5 is a summary of conclusions and discussion. The proofs are contained
in the Appendix.

2. Main results

Throughout this paper, we are using the standard two samples with right censored data. We adopt the same notations as
Shen and He (2007) and Yang and Zhao (2012) did for simplicity. First of all, let TjiZ0, i¼ 1;…;nj be i.i.d. failure times with
continuous distribution Fj, j¼1,2. Let Cji, i¼ 1;…;nj be i.i.d. censoring times with continuous distribution function Gj, j¼1,2,
and independent of Tji. We observe each sample in the form of ðXji; δjiÞ, where Xji ¼minðTji;CjiÞ and δji ¼ IðTjirCjiÞ. Like Shen
and He (2007), we denote XðjiÞ as the order statistics of the jth sample. The concomitant of δji is denoted as δðjiÞ and the
number of risk sets is rji. Let η0 ¼ F �1

2 ðpÞ. Since F is strictly monotone increase function and θ0 ¼ θðpÞ ¼ F �1
1 ðpÞ�F �1

2 ðpÞ, we
have F �1

1 ðpÞ ¼ η0þθ0; F
�1
2 ðpÞ ¼ η0: The likelihood ratio is defined as Shen and He (2007) did similarly,

R θ0; η; pð Þ ¼
supφji AΦfLðF1; F2Þ : F1ðηþθ0Þ ¼ p; F2ðηÞ ¼ pg

supφji AΦL F1; F2ð Þ;

where φj1;φj2;…;φjnj
are the hazard values at Xðj1Þ;Xðj2Þ;…;XðjnjÞ and φj ¼ ðφj1;φj2;…;φjnj ÞAΦ, the space of hazard values. It is

computationally difficult to maximize Rðθ0; η; pÞ and a smoothed ~Rðθ0; η; pÞ is proposed in this case. Let K(t) be a smooth
distribution function, and hj be a bandwidth. Denote Khj ðtÞ ¼ Kðt=hjÞ. Like Shen and He (2007) and Yang and Zhao (2012),
we define

Φ2 ¼ φ1;φ2AΦ : ∑
n1

i ¼ 1
Kh1 ðηþθ0�Xð1iÞÞlnð1�φ1iÞ ¼ lnð1�pÞ

(
; ∑

n2

i ¼ 1
Kh2 ðη�Xð2iÞÞlnð1�φ2iÞ ¼ lnð1�pÞ

)
:

And hence the smoothed EL ratio ~Rðθ0; η; pÞ is given like Shen and He (2007) and Yang and Zhao (2012). Define
R̂ðθ0; pÞ ¼ supη

~Rðθ0; η; pÞ. Denote

q1n1
η; λ1ð Þ ¼ ∑

n1

i ¼ 1
Kh1 ηþθ0�Xð1iÞ
� �

ln 1� δð1iÞ
r1iþλ1Kh1 ðηþθ0�Xð1iÞÞ

� �
� ln 1�pð Þ ¼ 0; ð2:1Þ

q2n2
η; λ2ð Þ ¼ ∑

n2

i ¼ 1
Kh2 η�Xð2iÞ
� �

ln 1� δð2iÞ
r2iþλ2Kh2 ðη�Xð2iÞÞ

� �
� ln 1�pð Þ ¼ 0; ð2:2Þ

q3n1n2
η; λ1; λ2ð Þ ¼ ∑

n1

i ¼ 1
λ1K

′
h1 ηþθ0�Xð1iÞ
� �

ln 1� δð1iÞ
r1iþλ1Kh1 ðηþθ0�Xð1iÞÞ

� �

þ ∑
n2

i ¼ 1
λ2K

′
h2 η�Xð2iÞ
� �

ln 1� δð2iÞ
r2iþλ2Kh2 ðη�Xð2iÞÞ

� �
¼ 0; ð2:3Þ

ln R̂ θ0; pð Þ ¼ ∑
n1

i ¼ 1
r1i�δð1iÞ
� �

ln 1þλ1Kh1 ðηþθ0�Xð1iÞÞ
r1i�δð1iÞ

� �
�r1iln 1þλ1Kh1 ðηþθ0�Xð1iÞÞ

r1i

� �

þ ∑
n2

i ¼ 1
r2i�δð2iÞ
� �

ln 1þλ2Kh2 ðη�Xð2iÞÞ
r2i�δð2iÞ

� �
�r2iln 1þλ2Kh2 ðη�Xð1iÞÞ

r2i

� �
; ð2:4Þ

where η; λ1 and λ2 satisfy Eqs. (2.1)–(2.3). Now we have the following theorems.

Theorem 2.1 (Yang and Zhao, 2012). Assume regularity conditions (C.1)–(C.5) in the Appendix hold. Then, the maximum of
LðF1; F2Þ with the constraint condition Φ2 for large n¼ n1þn2 is achieved at a unique φ1;φ2, a.s.

Theorem 2.2. Assume regularity conditions (C.1–C.5) in the Appendix hold. For fixed p, it exists a solution ηE , i.e.,
~Rðθ0; ηE; pÞ ¼ supη

~Rðθ0; η;pÞ ¼ R̂ðθ0; pÞ. We have

�2 ln ~Rðθ0; ηE; pÞ⟶
D

χ21:
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