Journal of Statistical Planning and Inference 143 (2013) 1872-1879

Contents lists available at ScienceDirect N | ‘

journal of .
statistical planning

and inference

Journal of Statistical Planning and Inference E

journal homepage: www.elsevier.com/locate/jspi

Two-level minimum aberration designs in N =2 (mod 4) runs @Cmsmk
S. Huda?, Rahul Mukerjee *

2 Department of Statistics, Faculty of Science, Kuwait University, P.O. Box-5969, Safat-13060, Kuwait
Y Indian Institute of Management Calcutta, Kolkata 700 104, India

ARTICLE INFO ABSTRACT

Article history: For two-level factorials, we consider designs in N=2 (mod 4) runs as obtained by adding
Received 28 May 2013 two runs, with a certain coincidence pattern, to an orthogonal array of strength two. These
Accepted 14 July 2013 designs are known to be optimal main effect plans in a very broad sense in the absence of
Available online 24 July 2013 interactions. Among them, we explore the ones having minimum aberration, with a view
Keywords: to ensuring maximum model robustness even when interactions are possibly present.
Bias This is done by sequentially minimizing a measure of the bias caused by interactions of
Effect hierarchy successively higher orders.

Hadamard matrix © 2013 Elsevier B.V. All rights reserved.

Nonorthogonality
Orthogonal array

1. Introduction

Minimum aberration (MA) designs have been of significant interest from the perspective of model robustness in factorial
experiments; see Mukerjee and Wu (2006) and Xu et al. (2009) for reviews. We focus on two-level factorials where two-
symbol orthogonal arrays (OAs) play a key role in the study of MA designs. An OA(n, m, 2, 2) of strength two, where n=4t¢, is
an n x m array with entries say + 1, such that all four possible pairs of symbols occur equally often as rows in every n x 2
subarray. The rows of the OA, interpreted as experimental runs, represent a fraction of a 2™ factorial.

A rich literature on MA designs is now available for two-level factorials when the run size n is a multiple of four. As noted
in Tang and Deng (1999), such an MA design sequentially minimizes, among designs given by an OA(n,m, 2,2), a certain
measure of the bias, due to interactions of successively higher orders, in the estimation of main effects. This conforms to the
effect hierarchy principle (Wu and Hamada (2009), p. 172) and makes perfect statistical sense because (a) designs based on
OA(n, m, 2,2) are universally optimal main effect plans when interactions are absent (Cheng (1980a)), while (b) sequential
minimization of bias among these designs maximizes model robustness even in the presence of interactions. Recently,
Zhang and Mukerjee (2013, hereafter abbreviated ZM) extended this approach to find MA designs with run size 1 (mod 4)
via sequential minimization of the bias due to interactions, among designs obtained by adding any single run to an
0A(n,m, 2,2) - in the spirit of (a), all competing designs are again optimal for the general mean and main effects, in a very
broad sense (Cheng (1980b)), when interactions are absent.

The present paper aims at exploring MA designs when the run size equals 2 (mod 4). Let n=4t, t >1, and m>3. With the
same motivation as in (a) and (b) above, we consider the class C of N(=n + 2)-run designs obtained by adding two runs to
an OA(n,m, 2,2) such that the two added runs have [m/2] coincidences, i.e., have the same entry in [m/2] positions, and
then find an MA design in C by sequentially minimizing the bias, due to interactions of successively higher orders, in the
estimation of main effects. Here [m/2] is the largest integer in m/2. Consideration of the class C is justified because,
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following Cheng (1980b) and Jacroux et al. (1983), in the absence of interactions any design in C is optimal, among all N-run
designs, for estimating the general mean and main effects in a very broad sense that includes the popular D-, A- and E-
criteria. An MA design in C, on the other hand, ensures maximum protection against bias when the true model possibly
includes interactions.

The obvious nonorthogonality of the designs in C even in the absence of interactions complicates our task. Compared to
ZM, the challenge is more serious because now two added runs, rather than one, have to be handled jointly, subject to a
constraint on their number of coincidences. In particular, we will need to control simultaneously the scalar products of the
two added runs with those in the OA for obtaining theoretical results. After introducing the MA criterion in the present
context in Section 2, we report MA designs in Section 3, followed by some concluding remarks in Section 4. All proofs appear
in the appendix. In order to save space, details are omitted in some places where the findings in ZM facilitate the deduction.

2. Minimum aberration criterion

Consider a 2™ factorial in factors Fy, ..., Fp, each at levels + 1. Let #(j;...j,,) be the treatment effect of a typical treatment
combination j;...j,,, where j;=-1 or 1, 1 <i<m. Under the usual orthogonal parametrization and a full factorial model,

W) = Z - ). v

for each jj..j,, where © is the set of binary m-tuples. For x =x;..xn €2, the parameter (x) in (1) represents the general
mean if x = 0...0, or the factorial effect F}'...Fj» otherwise. In particular, if all interactions are absent, then (1) reduces to

TO]---jm) =po +j1ﬁ1 4 +jmﬁma (2)
where we write 3, = (0...0), ; = 4(10...0), etc. for notational simplicity.
Let Q =(qy), 1 <u<n, 1<i<m, be an OA(n,m,2,2), and consider a design in C obtained by adding two runs q,;...qun
(u=n+1, n+2), with [m/2] coincidences, to Q. Denote the observational vector by Y =(Yy,...Yx)!, N=n+ 2, where
Yq,..., Yy arise from the runs given by the rows of Q, and Y,,; and Y,,, from the two added runs. Here T stands for

transposition. Write ¢, = (qy15--.. Gum)’» 1 <u <N. Each g, has elements + 1 and q},....q} are the n rows of Q. Then by (2), in
the absence of interactions,

E(Y)=Zp*, 3)
where
71 1 7 fo
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B =By, ... 5m)" is the vector of the main effect parameters and 1, is the n x 1 column vector of ones. The observations Y,
1 <u <N, are supposed to be homoscedastic and uncorrelated.

Under the model (3) arising when interactions are absent, the best linear unbiased estimator of g equals = LY, where L is
the m x N submatrix of (Z'2)"1Z" given by the last m rows of the latter. In order to show L explicitly, we write I, for the
identity matrix of order m, and note that

Q",=0, Q"Q=nl,, N=n+2, qlg,=m (1<ux<N). (5)
The first two relationships in (5) hold because Q is an OA(n, m, 2,2) with elements + 1. Also, let

a=q 1qn2, bi=n+m—a, by=N-+m+a, by=nbib,, (6)

E1 =31 + 2. E2=30n1—Tn2). m=Q&, m=Q&. @)
By (5)-(7),

ga=3m+a), &&H=3m-a). &&H=0 ®)

Now, from (4) and (5)-(8), after a long algebra that involves explicit evaluation of (Z72)",

L=by'lLy &1 Ll 9)
where the m x n matrix Ly and the m x 1 vectors [;,l, are given by

Lo = (b1balm—2b &6 —2b2&,E0)QT —2b1£1 18, Iy = n(bi&y + by&y), L = n(bi&—ba&y). (10)
For subsequent use, we also note that by (6)-(8) and (10), on simplification,

LLo =2(m + a)b3 1,11 —2Nb3 (1,7} + 711%) + bib5QQT —2b3(b; + N)zy 7] —2b5 (b1 + n)myl,

L3l = n{Nbijzy 4+ nb3my—(m + aybi1,},
Lglz = n{Nbfm —nb%;rz—(m + a)bfl,,},
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