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a b s t r a c t

Let fXng be a sequence of independent and identically distributed random variables

defined over a common probability space ðO,F ,PÞ with common continuous distribu-

tion function F. Define Zn ¼maxn�an o jrnXj , where an is an integer with 0oan on,n41.

For any constant a40, let KðmÞn ðaÞ ¼# fj,n�an o jrn,Xj 2 ðZn�a, Zn�g,n41. Then KðmÞn ðaÞ

denotes the number of observations near moving maxima. In this paper, we obtain

conditions for ðKðmÞn ðaÞÞ to converge to 1 almost surely (a.s.), when an ¼ ½np� and

an ¼ ½pn�,0opo1,nZ1.

& 2012 Elsevier B.V. All rights reserved.

1. Introduction

Let fXng be a sequence of independent and identically distributed (i.i.d.) random variables (r.v.), defined over a common
probability space ðO,F ,PÞ, with common continuous distribution function (d.f.) F. Let for nZ2,fan, 0oanong be a
sequence of integers. Define Mn ¼max1r jrnXj, and Zn ¼maxn�an o jrnXj, nZ2. It is well known that Mn is the partial
maxima. In the same spirit Zn is called the moving maxima. Rothmann and Russo (1991) introduced the concept of moving
maxima for studying the asymptotic behaviour of the extremes, either when some of the initial observations are not
available or when some of the initial observations are not properly recorded. In this paper, the near moving maxima is
introduced and some asymptotic properties are studied. For any a40, define KnðaÞ ¼# fj,1r jrn, Xj 2 ðMn�a,Mn�g and
K ðmÞn ðaÞ ¼# fj,n�ano jrn, Xj 2 ðZn�a, Zn�g Then ðKnðaÞÞ is known as the sequence of near-maxima. We call ðK ðmÞn ðaÞÞ as the
sequence of near-moving maxima since, ðK ðmÞn ðaÞÞ gives the number of observations among Xn�anþ1,Xn�anþ2, . . . ,Xn in the
neighbourhood ðZn�a, Zn�. One may observe that K ðmÞn ðaÞ ¼

d
Kan ðaÞ,nZ2, where X ¼

d
Y means X and Y are distributionally

equal. The asymptotic study of ðKnðaÞÞ has drawn the attention of workers over the past two decades. In the study of
insurance claim models ðKnðaÞÞ is the number of claims in a neighbourhood of Mn; in the study of heights of waves, it gives
the number of waves above a random threshold level ðMn�aÞ. In queueing theory, it gives the number of customers, whose
service times are close to that of the most demanding customer. Pakes and Steutel (1997) were the first to initiate the
study of the asymptotic properties of ðKnðaÞÞ. Let rF ¼ sup fx; FðxÞo1g. When rF ¼1, they introduced the following tail
thickness condition in terms of F ¼ 1�F. For any a40, let there exist a constant gðaÞ,0rgðaÞr1, such that

0r lim
x-1

F ðxÞ�F ðxþaÞ

F ðxÞ
¼ gðaÞr1: ð1:1Þ

They classified the d.f.s satisfying (1.1) as thick tailed when gðaÞ ¼ 0, medium tailed when 0ogðaÞo1 and thin tailed when
gðaÞ ¼ 1 and established that KnðaÞ-

p
1 (-

p
means convergence in probability), when gðaÞ ¼ 0; ðKnðaÞÞ converges to a
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geometric distribution with values 1;2,3, . . . (shifted), when 0ogðaÞo1 and KnðaÞ-
p
1 whenever gðaÞ ¼ 1. One may

observe that the class of all d.f.s with regularly varying right tail (such as Pareto, Stable etc) are thick tailed, exponential
distribution is medium tailed and the normal distribution is thin tailed. It is interesting to see that among the d.f.s with
Weibullian right tail, described by 1�FðxÞ ¼ e�cxaxbð1þoð1ÞÞ as x-1, c40, a40, �1obo1, F will be thick tailed when
0oao1, medium tailed when a¼ 1 and thin tailed when a41. Pakes (2000) observes that whenever 1�Fð:Þ is Weibullian
and thick tailed (0oao1), (Mn), properly normalized, converges weakly to a Gumbel law. Also, when a¼ 1, b¼ 0 (double
exponential) and a¼ 2, b¼�1 (normal), it is well known that ðMnÞ, properly normalized, converges to Gumbel law. As
such, it is interesting to see that asymptotically ðK ðmÞn ðaÞÞ behaves differently, even though (Mn), properly normalized,
converges to the same limit law.

Since K ðmÞn ðaÞ ¼
d

Kan ðaÞ, one may note that all the results of Pakes and Steutel (1997) hold good for ðK ðmÞn ðaÞÞ as an-1.
When K ðmÞn ðaÞ-

p
1 (F is thick tailed), a question that one would naturally ask is, whether K ðmÞn ðaÞ-1 a.s.. In the case of Kn(a),

Li (1999) has obtained a criteria for KnðaÞ-1 a.s., as n-1, and Pakes (2004) has given criteria for complete convergence
and a-stability. In this paper, we obtain criteria for KðmÞn ðaÞ-1 a.s. as n-1, when (i) an ¼ ½np�, 0opo1, and (ii)
an ¼ ½pn�,0opo1, where for any l40, ½l� means the greatest integer less than or equal to l. In the case of
an ¼ ½pn�,0opo1, our criteria coincides with that of Li (1999). However, when an ¼ ½np�, 0opo1, the condition is more
straight. This may be expected, in view of the fact that the a.s. behaviour of ðZnÞ differs from that of ðMnÞ, see for example,
Rothmann and Russo (1991), Vasudeva (1999), Vasudeva and Srilakshminarayana (2009). We also give criteria for the
existence of moments of the number of boundary crossings, whenever K ðmÞn ðaÞ-1 a.s.. Further, we relate the moment
criteria to complete convergence and a-stability.

Our findings throw light on many Statistical models. For instance, in non-life insurance models with thick tailed
distributions, one may be interested in knowing the number of claims in a neighbourhood of the maximal claim. Similarly,
in the study of the transmission time of World Wide Web from the server to client, Crovella et al. (1998) have shown that
the transmission time follows a Pareto distribution, which is thick tailed. Here again, a problem of interest is to know the
number of transmission times that are close to the maximal transmission time. In such situations, if some of the initial
observations are either not recorded properly or missing, the criteria obtained below will help in knowing whether almost
surely, no other value (claim size/ transmission time) is close to maximum, which will be a fairly useful information. We
present below the criteria by Li (1999), for ðKnðaÞÞ to converge to 1 a.s., in view of its importance, in the context of this
paper.

Theorem A. KnðaÞ-1 a.s. if and only if
R1
�1
ððFðxþaÞ�Fðx�aÞÞ=ð1�Fðx�aÞÞ2Þ dFðxÞo1.

In the next section, we obtain criteria for ðK ðmÞn ðaÞÞ to converge to 1 a.s. In Section 3, the finiteness of the moments of total
number of boundary crossings are discussed and in Section 4, the complete convergence and a-stability of ðKm

n ðaÞÞ are
studied.

2. Almost sure convergence of K ðmÞn ðaÞ

In this section, assuming that F is thick tailed, we establish the following a.s. convergence results. Since KðmÞn ðaÞ ¼
d

Kan ðaÞ,
we note that when F is thick tailed, K ðmÞn ðaÞ-

p
1, as an-1.

Theorem 2.1. Let an ¼ ½np�,0opo1,nZ1. Then KðmÞn ðaÞ-1 a.s. whenever
R1
�1
ððFðxþaÞ�Fðx�aÞÞ=ð1�Fðx�aÞÞ1þ1=p

Þ dFðxÞo1.

Theorem 2.2. Let an ¼ ½pn�,0opo1,nZ1. Then K ðmÞn ðaÞ-1 a.s. whenever
R1
�1
ððFðxþaÞ�Fðx�aÞÞ=ð1�Fðx�aÞÞ2Þ dFðxÞo1.

Remark 2.1. From the above criteria, observe that for an ¼ ½pn�,0opo1, the criteria do not depend on p, and in fact
coincides with that of Li (1999). When an ¼ ½np�,0opo1,p has a role and the criteria become stringent.

Theorem 2.3. Let F be thick tailed and an ¼ ½np�, 0opr 1
2. Then K ðmÞn ðaÞQ1 a.s. (fails to coverge to 1 a.s.), wheneverR1

�1
ððFðxþaÞ�Fðx�aÞÞ=ð1�FðxÞÞ3Þ dFðxÞ ¼1

Proof of Theorem 2.1. The proof is on the lines of proof of Li (1999). Define An ¼ fK
ðmÞ
n ðaÞa1g,nZ2. We show that under

the criteria, PðAnÞ-0 and
P

PðAc
n \ Anþ1Þo1 and appeal to the version of the Borel–Cantelli lemma due to Brands et al.

(1994), to claim that K ðmÞn ðaÞ-1 a.s., as n-1. Observe that K ðmÞn ðaÞ ¼
d

Kan ðaÞ implies PðAnÞ ¼ PðK ðmÞn ðaÞZ2Þ ¼ PðKan ðaÞZ2Þ.
Since F is thick tailed, from Pakes and Steutel (1997), we know that KnðaÞ-

p
1 as n-1.

Note that Kan ðaÞ-
p

1, which in turn implies that PðAnÞ-0 as n-1. We now establish that
P

PðAc
n \ Anþ1Þo1. Recall that

Zn ¼maxðXn�anþ1,Xn�an þ2, . . . ,XnÞ and note that

Znþ1 ¼maxðXðnþ1Þ�anþ 1þ1, . . . ,Xn,Xnþ1Þ

¼maxðXn�anþ1, . . . ,Xn,Xnþ1Þ

¼maxðZn,Xnþ1Þ, if anþ1 ¼ anþ1

and

Znþ1 ¼maxðXn�anþ2,Xn�anþ3, . . . ,Xnþ1Þ if anþ1 ¼ an:
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