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This paper investigates some ordering properties of the residual lives and the inactivity times
of coherent systems with dependent exchangeable absolutely continuous components, based
on the stochastically ordered signatures between systems, extending the results of Li and
Zhang [2008. Some stochastic comparisons of conditional coherent systems. Applied Stochas-
tic Models in Business and Industry 24, 541–549] for the case of independent and identically
distributed components.
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1. Introduction

Let T be the lifetime of a systemwith distribution function H, density function h and reliability function H̄. Then, for any t�0,
the reliability function and density function of the residual life (T − t|T > t) can be represented as H̄t(x) = H̄(t + x)/H̄(t),ht(x) =
h(t + x)/H̄(t), and the reliability function and density function of the inactivity time (t − T|T � t) can be represented as H̄(t)(x) =
H(t − x)/H(t),h(t)(x) = h(t − x)/H(t), for x>0.

For some coherent systems of order n, the system is still functioning with probability one when less than r(<n) components
fail at time t >0, and an operator may consider doing some maintenance, replacing the system, or comparing performances of
competing systems in terms of residual life. As a dual notion to the residual life, inactivity time, measures the time elapsed since
the system failure. It usually has a close connection with the so-called autopsy data, i.e. information obtained by examining the
component states of a failed system.

In the literature, many authors paid their attentions to the residual lives and inactivity times of some coherent systems,
especially k-out-of-n systems. The mean residual life of a parallel system under condition that none of the components has failed
at time t >0 is first introduced in the work Bairamov et al. (2002) and developed in Asadi and Bairamov (2005, 2006). For the
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recent results on the residual lives and inactivity times of k-out-of-n systems, one can see Li and Zhao (2006, 2008), Hu et al.
(2007), Navarro and Eryilmaz (2007), Bairamov and Arnold (2008), and Navarro et al. (2008a).

Khaledi and Shaked (2007) and Li and Zhang (2008) subsequently extended some ordering properties of the residual lives and
inactivity times of some particular coherent systems with independent and identically distributed (i.i.d.) components to general
coherent systems with i.i.d. ones by using the concept of signatures.

Dependence among component lifetimes is from the common random production and operating environments. It might be
difficult to compute and analyze reliability characteristics of a systemconsisting of dependent components. The exchangeability of
components means that they have identical distributions, but the failure of a component affects the other ones in the system. Re-
cent discussions on systemswith exchangeable components appear in theworks of Navarro and Hernandez (2008), Navarro et al.
(2008b), and Navarro (2008).

This article investigates some ordering properties of the residual lives and inactivity times of general coherent systems with
exchangeable components by using signatures, extending the case that components are i.i.d. In Section 2, some definitions and
notations closely related to the main conclusions are introduced. In Sections 3 and 4, some stochastic comparisons of residual
lives, and inactivity times, respectively, between two systems with respect to some orders are obtained. These results are an
almost immediate extension of the results in Li and Zhang (2008).

2. Notations and definitions

In this section, we recall several criteria to compare random variables, the concept of signature of a coherent system, all of
them are closely related to those main results to be presented in this paper.

Let X and Y be the lifetimes of two components, with their distribution functions F(x) and G(x), and their probability density
functions f (x) and g(x), respectively. Denote their survival functions by F̄(x) = 1 − F(x) and Ḡ(x) = 1 − G(x), respectively.

Definition 1. X is said to be smaller than Y in the

(a) Usual stochastic order (denoted by X � stY) if F̄(x)� Ḡ(x) for all x.
(b) Hazard rate order (denoted by X � hrY) if F̄(x)/Ḡ(x) is decreasing in x.
(c) Reversed hazard rate order (denoted by X � rhY) if F(x)/G(x) is decreasing in x.
(d) Likelihood ratio order (denoted by X � lrY) if f (x)/g(x) is decreasing in x in the union of their supports.

Definition 2. For two discrete distributions p = (p1, . . . ,pn) and q = (q1, . . . , qn), p is said to be smaller than q in the

(a) Usual stochastic order (denoted by p� stq) if
∑n

j=i pj �
∑n

j=i qj for all i = 1, 2, . . . ,n.
(b) Hazard rate order (denoted by p� hrq) if

∑n
j=i pj/

∑n
j=i qj is decreasing in i.

(c) Reversed hazard rate order (denoted by p� rhq) if
∑i

j=1 pj/
∑i

j=1 qj is decreasing in i.
(d) Likelihood ratio order (denoted by p� lrq) if pi/qi is decreasing in i, when pi, qi >0.

It is well-known that

X � lrY �⇒ X � hr(� rh)Y �⇒ X � stY . (1)

For more comprehensive discussions on properties, and other details of those stochastic orderings, we refer the reader to Shaked
and Shanthikumar (2007).

Let X1, . . . ,Xn be lifetimes of n i.i.d. components of a coherent system. Denote Xi,n the i-th smallest order statistics among
X1, . . . ,Xn. For a coherent system with n i.i.d. lifetimes X1, . . . ,Xn, its lifetime can be expressed as T = �(X1, . . . ,Xn), where � is a
coherent life function (see Esary and Marshall, 1970; Barlow and Proschan, 1981 for the definitions and properties of coherent
life functions). Samaniego (1985) firstly defined the signature of a coherent system as a probability vector p = (p1, . . . , pn) with

pi = P(�(X1, . . . ,Xn) = Xi,n)

= number of orderings for which the i-th failure causes the system failure
n!

,

∑n
i=1 pi = 1. Also Samaniego (1985) and Kochar et al. (1999) subsequently showed that a coherent system having i.i.d. units is

a mixture of k-out-of-n system with weights pi. Navarro et al. (2005) observed it holds when the components of the system
are absolutely continuous and exchangeable (i.e. the joint survival function R(x1, . . . , xn) of X1, . . . ,Xn is symmetric in x1, . . . , xn).
Recently, Navarro et al. (2008a, b) yielded a closed-form expression for the signature of a system with n i.i.d. components, which
is equivalent (equivalent means the same distributions of the lifetimes of the systems) to an arbitrary mixed system of order
k<n, where a mixed system refers to stochastic mixtures of coherent systems of a given size, according to a fixed and known
probability distribution. This made it possible to compare systems of different sizes.

Khaledi and Shaked (2007) further pointed out that the signature of a coherent system, which functions with probability 1 as
long as at least n − s + 1 (1� s�n) components function, must be of the form (0, . . . , 0,ps, . . . , pn). It was also showed there that
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