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We consider Bayesian inference using an extension of the family of skew-elliptical distribu-
tions studied by Azzalini [1985. A class of distributions which includes the normal ones. Scand.
J. Statist. Theory and Applications 12 (2), 171–178]. This new class is referred to as bimodal
skew-elliptical (BSE) distributions. The elements of the BSE class can take quite different forms.
In particular, they can adopt both uni- and bimodal shapes. The bimodal case behaves similarly
to mixtures of two symmetric distributions and we compare inference under the BSE family
with the specific case ofmixtures of two normal distributions.We study themain properties of
the general class and illustrate its applications to two problems involving density estimation
and linear regression.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

Azzalini and Capitanio (2003) and Azzalini (2005) proved that if g is a probability density function (pdf) that is symmetric
about zero and if H is a cumulative distribution function (cdf) such that its density h is also symmetric about zero, then for any
odd function w(x)

fX(x) = 2g(x)H(w(x)), −∞ < x <∞, (1)

is a pdf on R. This result has turned out to be quite useful in the process of constructing skewed distributions from symmetric
ones.We denote a random variable X with pdf (1) as X ∼ S(g,h,w). In particular, if g=�, andH=� represent the standard normal
pdf and cdf, respectively, then takingw(x)= �x for � ∈ R we obtain the skew-normal (SN) distribution. This has been extensively
studied in Azzalini (1985, 1986), Henze (1986), Pewsey (2000) and many others. The special case where H′ = g and g is the
Laplace, logistic or uniform distribution, has been considered by Gupta et al. (2002). Related constructions have been developed
in Balakrishnan and Ambagaspitiya (1994) and in Arnold and Beaver (2000a, b). Nadarajah and Kotz (2003) consider fixing g = �
and H given by one of the normal, Student-t, Cauchy, Laplace, logistic or uniform cdfs. Gómez et al. (2007) consider the family of
distributions generated by fixing H = � and letting g be any symmetric pdf. More generally, there has been a number of works
exploring bimodality arising from skew-distributions. Azzalini and Capitanio (2003), Arnold et al. (2002), Ma and Genton (2004),
Arellano-Valle et al. (2005, 2006).
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From the Bayesian standpoint, inference for skew-elliptical models has been considered in Fernández and Steel (1998) and
Sahu et al. (2003). More recently, Ferreira and Steel (2006) described a general form to introduce skewness in symmetric models.

Our aim is to introduce a new family of distributions that is flexible enough to support both, uni- and bimodal shapes. Many
datasets arising in practice can be adequately modeled this way and so our proposal plays a unifying role in this context.

To achieve our purpose, we resort to (1), adopting a specific form for w(x) that yields the desired result. We will study
properties of the proposed family of distributions aswell as applications to some standard problems. In the theoretical discussion,
the following stochastic representation of (1) turns out to be quite useful: let X ∼ g and Y ∼ h be independent random variables
and define

Z =
{
X if Y <w(X),
−X if Y�w(X).

(2)

Then Z has distribution given by (1). This shows that these skew-distributions arise from a hidden truncationmechanism (Ferreira
and Steel, 2006).

The rest of this paper is organized as follows. Section 2 presents the new family, and develops its main property. In particular,
we show how uni- and bimodal shapes are obtained. Section 3 discusses some practical issues in the general use of skew-bimodal
distributions in Bayesian inference. Section 4 illustrates the use of SN with bimodal shape distributions for density and linear
regression problems. Special attention is given to comparing inference under the new family with mixtures of two normal
distributions. A final discussion is presented in Section 5.

2. Adding bimodality and skewness to symmetric distributions

The result stated next is useful in the process of introducing skewness and bimodality in families of symmetric distributions.

Proposition 1. Let f0 be a unimodal pdf,H a cdf having pdf h, and assume both f0 and h are symmetric about zero. If we further assume
� = ∫∞

−∞ x2f0(x)dx <∞, then

f (x) = 2

(
1 + �x2

1 + ��

)
f0(x)H(w(x)), −∞ < x <∞, (3)

is a pdf for any odd function w(·) and any ��0.

To prove Proposition 1 consider, for a given ��0,

g(x) =
(
1 + �x2

1 + ��

)
f0(x), (4)

which is a symmetric pdf. The result then follows immediately from (1).
An immediate consequence of Proposition 1 is the stochastic representation of the new family bymeans of hidden truncation:

if X ∼ ((1 + �x2)/(1 + ��))f0(x) is independent of Y ∼ h then Z defined in (2) has pdf given by (3).
Because f0 is symmetric and unimodal, the density g(x) defined in (4) is symmetric and may adopt both, uni- and bimodal

shapes. Besides, it is the H(w(x)) factor that breaks the symmetry. For later reference we denote a random variable X with pdf
g(x) given in (4) by X ∼ B(f0,�) and a random variable Y with pdf (3) as Y ∼ SB(f0,h,w,�). We refer to the corresponding
families of distributions that follow by letting f0 be any symmetric unimodal pdf as symmetric bimodal and skew-elliptical bimodal,
respectively. We note that the B(f0,�) family contains all the symmetric unimodal distributions (taking � = 0), and similarly, the
SB(f0,h,w, 0) sub-family agrees with the class of all unimodal skew-elliptical distributions.

The above construction can be seen to generalize some well-known classes of skewed distribution. For instance, taking
f0(x)=h(x)=�(x) andw(x)=�xwe extend the SNmodel studied in Azzalini (1985). Whenw(x)=�x+�x3 we obtain an extension
of the model presented in Ma and Genton (2004). More generally, if f0 = � we generalize the family of distributions in Nadarajah
and Kotz (2003) andwhen h=�, a generalization of Gómez et al. (2007) follows. In all these cases, the original family is recovered
by choosing � = 0.

Fig. 1 shows the effect of the � parameter on the symmetric and skewed cases, using f0(x) = h(x) = �(x), and a skewing factor
defined in terms ofw(x)=x/2, i.e., corresponding to the SNdensitywith parameter �= 1

2 . Because in generalH(w(x))=1−H(−w(x)),
the � parameter can be seen as controlling the density value at the highest mode, i.e., the one concentrating most of the mass.
Taking w(x) = −x/2 we obtain a reflection of Fig. 1 with respect to x = 0.

As is the case of several other families of skewed distributions, such as Azzalini's SN, the bimodal class satisfies a perturbation
invariance property, which we state next.

Proposition 2. If X ∼ SB(f0,h,w,�) then |X| ∼ HalfB(f0,�) for any symmetric pdf h and function w.
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