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a b s t r a c t

Two sufficient conditions for comparing convolutions of heterogeneous gamma random

variables in terms of star order are established. It is further shown that if the scale

parameters of heterogeneous gamma random variables are more dispersed in the sense

of majorization, then the convolutions are more dispersed according to the right spread

order, which generalizes and strengthens the results in Diaconis and Perlman (1987),

Kochar and Xu (2010) and Zhao and Balakrishnan (2009).

& 2010 Elsevier B.V. All rights reserved.

1. Introduction

The convolution of independent random variables has attracted considerable attention in the literature due to its typical
applications in many applied areas. For example, in reliability theory, it is used to study the lifetimes of redundant standby
systems with independent components (cf. Bon and Pǎltǎnea, 1999); in actuarial science, it is used to model the
total claims on a number of policies in the individual risk model (cf. Kaas et al., 2001); in nonparametric goodness-of-fit
tests, the limiting distributions of U-statistics are the convolutions of independent random variables (cf. Serfling, 1980,
Section 5.2).

The gamma distribution is one of the most popular distributions in statistics, engineering and reliability applications. In
particular, gamma distribution plays a prominent role in actuarial science since most total insurance claim distributions
have roughly the same shape as gamma distributions: skewed to the right, nonnegatively supported and unimodal
(cf. Furman, 2008). As is well known, the gamma distribution includes exponential and chi-square, two important
distributions, as special cases. Due to the complicated nature of the distribution function of gamma random variable, most
of the work in the literature discusses only the convolutions of exponential random variables. Some relevant references are
Boland et al. (1994), Kochar and Ma (1999), Bon and Pǎltǎnea (1999), Zhao and Balakrishnan (2009) and Kochar and Xu
(2010). Bock et al. (1987) and Diaconis and Perlman (1987) studied convolutions of gamma random variables.

Let X1,y,Xn be a random sample from a gamma distribution with shape parameter a40, scale parameter l40 and with
density function

f ðxÞ ¼
la

GðaÞ
xa�1expf�lxg, xZ0:
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We are interested in studying the stochastic properties of statistics of the form

W ¼ y1X1þy2X2þ � � � þynXn,

where y1, . . . ,yn are positive weights (constants). Bock et al. (1987) showed that for n=2, if

tr
aðy1þy2Þ

l
,

then PðWrtÞ is Schur-convex in ðy1,y2Þ; and if

tZ
ðaþ1=2Þðy1þy2Þ

l
,

then PðWZtÞ is Schur-convex in ðy1,y2Þ. For general n42, PðWrtÞ is Schur-convex in the region

h : min
1r irn

yiZ
tl

naþ1

� �
,

where h is the vector of ðy1, . . . ,ynÞ, and PðWZtÞ is Schur-convex in h for

tZ
ðnaþ1Þðy1þy2þ � � � þynÞ

l
:

Diaconis and Perlman (1987) further studied the tail probabilities of convolution of gamma random variables. They
pointed out that if

ðy1, . . . ,ynÞj
m
ðyu1, . . . ,yunÞ ð1:1Þ

then

Var
Xn

i ¼ 1

yiXi

 !
ZVar

Xn

i ¼ 1

yuiXi

 !
,

where j

m
means the majorization order (see Definition 2.5).

This property states that if the weights are more dispersed in the sense of majorization, then the convolutions are more
dispersed about their means as measured by their variances. Diaconis and Perlman (1987) also wondered whetherPn

i ¼ 1 yiXi is more dispersed than
Pn

i ¼ 1 yuiXi as measured by the stronger criterion of their tail probabilities. They tried to
answer this question by proving that under the condition (1.1), the distribution functions of

Pn
i ¼ 1 yiXi and

Pn
i ¼ 1 yuiXi have

only one crossing. However, they only proved this result for n=2. For nZ3, they required further restrictions. Hence, this
problem has been open for a long time, which is also known as Unique Crossing Conjecture, or UCC.

It is possible to investigate this problem in other metrics for the yi’s. For instance, if Xli
are independent gamma random

variables with a common shape parameter a and scale parameters li and Xlui are independent gamma random variables
with a common shape parameter a and scale parameters lui, for i=1,y,n, Korwar (2002) showed that under the condition
of majorization order, for aZ1,

ðl1, . . . ,lnÞj
m
ðlu1, . . . ,lunÞ ¼)

Xn

i ¼ 1

Xli
Zdisp

Xn

i ¼ 1

Xlui ,

where Zdisp means the dispersive order (see Definition 2.3). Khaledi and Kochar (2004) relaxed the condition by proving
that under the p-larger order, which is a weaker order than the majorization order, for aZ1,

ðl1, . . . ,lnÞj
p

ðlu1, . . . ,lunÞ ¼)
Xn

i ¼ 1

Xli
Zdisp

Xn

i ¼ 1

Xlui ,

where j

p

means the p-larger order (see Definition 2.7).
In this paper, we further investigate the problem posed by Diaconis and Perlman (1987). For the case of n=2, we

strengthen the single crossing property to the star order. We also give a different sufficient condition for the star order to
hold between two convolutions of scaled gamma random variables. It will be shown that

ðl1,l2Þj
m
ðlu1,lu2Þ ¼) Xl1

þXl2
Z%Xlu1þXlu2 ,

and also

ðy1,y2Þj
m
ðyu1,yu2Þ ¼) y1X1þy2X2Z%yu1X1þyu2X2, ð1:2Þ

where X1 and X2 are independent and identically distributed gamma random variables, and Z% means the star order (see
Definition 2.1). Note that (1.2) could be equivalently expressed as

ð1=l1,1=l2Þj
m
ð1=lu1,1=lu2Þ ¼) Xl1

þXl2
Z%Xlu1þXlu2 :
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