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a b s t r a c t

Identification of the center of a data cloud is one of the basic prob-
lems in statistics. One popular choice for such a center is the me-
dian, and several versions of median in finite dimensional spaces
have been studied in the literature. In particular, medians based
on different notions of data depth have been extensively stud-
ied by many researchers, who defined median as the point, where
the depth function attains its maximum value. In other words, the
median is the deepest point in the sample space according to that
definition. In this paper, we investigate the deepest point for prob-
ability distributions in infinite dimensional spaces. We show that
for some well-known depth functions like the band depth and the
half-region depth in function spaces, there may not be any mean-
ingful deepest point for many well-known and commonly used
probabilitymodels. On the other hand, certainmodified versions of
those depth functions as well as the spatial depth function, which
can be defined in any Hilbert space, lead to some useful notions
of the deepest point with nice geometric and statistical properties.
The empirical versions of those deepest points can be conveniently
computed for functional data, andwe demonstrate this using some
simulated and real datasets.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

For a univariate probability distribution, the median is a well-known and popular choice of its
center. It has several desirable statistical properties, which include equivariance under monotone
transformations, asymptotic consistency under very general conditions, and high breakdown point.
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The concept of the median has been extended in several ways for probability distributions in finite
dimensional Euclidean spaces (see, e.g., [8,22] for some reviews). The median can also be defined
as the point in the sample space with the highest depth value with respect to an appropriate depth
function (see, e.g., [9,15,22,26]). Due to the recent advances in technology and measurement devices,
statisticians frequently have to analyze data for which the number of variables is much larger than
the sample size. Such data can be conveniently viewed as random observations from probability
distributions in infinite dimensional spaces, e.g., the space of real-valued functions defined on an
interval.

It turns out that many medians for finite dimensional probability measures do not extend in any
natural and meaningful way into infinite dimensional spaces. On the other hand, an extension of the
well-known spatial median (see, e.g., [4]) into Banach spaces was studied in [12,24]. There has been
some recent work on developing depth functions for probability measures in function spaces. The
integrated data depth [10], the band depth [16] and the half-region depth [17] have been defined
for data in the space of real-valued continuous functions on an interval on the real line. The authors
of those papers have used these depth functions to construct depth based trimmed means, to find
central and extreme curves for several real datasets, and also to construct test procedures based on
depth based ranking. Recently, the authors of [23] have used the deepest point based on the band
depth in the construction of boxplots for functional data. In Section 2, we shall critically investigate
the deepest points associated with some of the functional depths. In particular, we show that both of
the band depth and the half-region depth assign zero value to the center of symmetry for a large class
of symmetric stochastic processes on C[0, 1]. Thus, there is no meaningful deepest point associated
with either of these two depth functions for such stochastic processes. However, the integrated data
depth, the spatial depth, and somemodified versions of the band depth and the half-region depth yield
statistically meaningful notions of deepest points. In Section 3, we shall demonstrate the empirical
deepest points associated with these depth functions using some simulated and real functional data.
It is shown that the empirical deepest points associated with the integrated data depth, the spatial
depth and the modified versions of the band depth and the half-region depth can be easily computed
for any given functional data.

In the univariate setting, one of the main motivations for considering the median is its robustness
against outlying observations. According to the traditional measures of robustness like breakdown
point, the median is a more robust estimator of location than the mean. In an interesting paper [21],
the author considered an alternativemeasure of robustness assuming that all the observations remain
bounded. Using thatmeasure, the author of [21] obtained some counter-intuitive results regarding the
robustness of the median and the mean (see also [18]). In particular, it was shown that the mean may
bemore robust than themedian under certain conditions. Unlike the univariate samplemedian,many
multivariate depth based medians fail to achieve 50% breakdown point (see, e.g., [22] for a review). In
fact, in Rd for d ≥ 2, the half-space median has a breakdown point of 1/3, while that for the simplicial
median is atmost 1/(d + 2) (see, e.g., [8] for a brief review and relevant references). In Section 4.1,
we will consider the breakdown points of the empirical deepest points based on the integrated data
depth, the spatial depth and the modified versions of the band depth and the half-region depth. We
show that the empirical deepest point associatedwith the spatial depth has 50% breakdown point.We
also show that there is an empirical deepest point associated with each of the integrated data depth,
the modified band depth and the modified half-region depth that has 50% breakdown point.

The strong consistency of the empirical versions of most of themedians for finite dimensional data
is well-known in the literature. However, for infinite dimensional data, the situation is much more
complex. In some cases, like the medians based on the band depth and the half-region depth, strong
consistency has been proved under the assumption that the empirical medians along with the unique
population median lie in a fixed equicontinuous set (see [16,17]). For the empirical spatial median
in infinite dimensions, the convergence has been shown to hold only in a weak sense, namely, for
continuous real linear functions of the estimator (see, e.g., [5,11]). Although the author of [5] proved
strong consistency of the empirical spatial median in the norm topology of the Hilbert space L2(R),
the result requires extremely strong assumptions on the underlying stochastic process, which include
boundedness and differentiability of sample paths. Thus, this result is not valid for many important
processes including the standard Brownian motion and fractional Brownian motions. Although the
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