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a b s t r a c t

We consider here a univariate skew-elliptical distribution, which
is a special case of the unified multivariate skew-elliptical
distribution studied recently by Arellano-Valle and Azzalini (2006)
[1]. We then derive the exact distribution of a linear combination
of a variable and order statistics from the other two variables in
the case of a trivariate elliptical distribution. We show that the
cumulative distribution function (cdf) of this linear combination is
a mixture of the univariate skew-elliptical distribution functions.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

A p-dimensional randomvectorX is said to have an elliptically contoured distributionwith location
vectorµ ∈ Rp, non-negative definite dispersion matrixΣ, and characteristic generator ϕ, if centered
random vector X−µ has characteristic function of the form ϕX−µ (t) = ϕ

(
tTΣt

)
, for t ∈ Rp; see [15]

for themost general definition of this family of distributions. In this case, wewriteX ∼ ECp (µ,Σ,ϕ),
and denote its cumulative distribution function (cdf) by FECP (x;µ,Σ,ϕ). It is well known that this
family of distributions is closed under linear transformation, marginalization, and conditioning. In
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particular, if X ∼ ECp (µ,Σ,ϕ) with Σ of full rank p, then Σ−1/2 (X− µ) ∼ ECp
(
0, Ip,ϕ

)
, where

Ip ∈ Rp×p is an identity matrix. Moreover, if the probability density function (pdf) of X exists, it is of
the form

fECP
(
x;µ,Σ, h(p)

)
= |Σ|−

1
2 h(p)

(
(x− µ)TΣ−1 (x− µ)

)
, x ∈ Rp, (1)

where h(p) is the density generator function; see [17]. In this case, ϕ can be replaced by h(p) in the
above notation, and we denote an elliptical distribution by X ∼ ECp

(
µ,Σ, h(p)

)
. Moreover, if X,µ

andΣ are partitioned as

X =
(
X1
X2

)
, µ =

(
µ1
µ2

)
, Σ =

(
Σ11 Σ12
Σ21 Σ22

)
,

where X1 and µ1 are q× 1 (q ≤ p) vectors,Σ11 is a q× q positive definite matrix, and so on. Then,

X1 ∼ ECq
(
µ1,Σ11, h

(q)) ,
X2 | (X1 = x1) ∼ ECp−q

(
µ2 + Σ21Σ

−1
11 (x1 − µ1) ,Σ22 − Σ21Σ

−1
11 Σ21, h

(p−q)
w(x1)

)
,

withw (x1) = (x1 − µ1)
TΣ−111 (x1 − µ1), and h

(q) and h(p−q)a can be expressed in terms of h(p) as

h(q) (u) =
π
p−q
2

0
( p−q
2

) ∫ ∞
0
x
p−q
2 −1h(p) (u+ x) dx, u ≥ 0,

and

h(p−q)a (u) =
h(p) (u+ a)
h(q) (a)

, u ≥ 0.

Two important special cases of elliptical distributions are the multivariate normal and t
distributions. Specifically, if the generator function in (1) is h(p) (u) = e−u/2/ (2π)p/2 , u ≥ 0, we
get the usual multivariate normal distribution, denoted by X ∼Np (µ,Σ), with pdf

φp (x;µ,Σ) =
1

(2π)p/2 |Σ|
1
2
exp

(
−
1
2
(x− µ)TΣ−1 (x− µ)

)
, x ∈ Rp,

and if for a ν > 0 (degrees of freedom), if the generator function be is

h(p) (u) =
0
(
ν+p
2

)
0
(
ν
2

)
(νπ)p/2

(
1+

u
ν

)−(u+p)/2
, u ≥ 0,

we get the usual multivariate t distribution, denoted by X ∼tp (µ,Σ, ν), with pdf

gp(x;µ,Σ, ν) =
0
(
ν+p
2

)
0
(
ν
2

)
(νπ)p/2 |Σ|

1
2

(
1+

(x− µ)TΣ−1(x− µ)
ν

)− ν+p2
, x ∈ Rp.

Since the elliptical distributions are symmetric, multivariate skew-elliptical distributions have
been proposed, studied and generalized by many authors. Azzalini [6] discussed formally and
popularized the univariate standard skew-normal distribution. A random variable Zλ is said to have a
standard skew-normal distribution with parameter λ ∈ R, denoted by Zλ ∼ SN(λ), if its pdf is

φSN(z; λ) = 2φ(z)Φ(λz), z ∈ R,

where φ(z) and Φ(z) denote the standard normal pdf and cdf, respectively. This distribution and its
variations have been discussed by several authors including Azzalini [7], Henze [21], Branco and Dey
[14], Loperfido [26], Arnold andBeaver [5], Balakrishnan [12], Azzalini andChiogna [9]. A recent survey
of developments on skew-normal distribution and its multivariate form is due to [8].
For themultivariate version, Azzalini and Dalla Valle [10] presented themultivariate skew-normal

distribution, while [25] gave a Bayesian interpretation of the multivariate skew-normal distribution.
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