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Article history: We consider here a univariate skew-elliptical distribution, which
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‘;gcje‘l"egolggre‘”se‘j form distribution studied recently by Arellano-Valle and Azzalini (2006)
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[1]. We then derive the exact distribution of a linear combination
of a variable and order statistics from the other two variables in
the case of a trivariate elliptical distribution. We show that the
Elliptical distributions cumulative distribution function (cdf) of this linear combination is
Skew-elliptical distributions a mixture of the univariate skew-elliptical distribution functions.
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1. Introduction

A p-dimensional random vector X is said to have an elliptically contoured distribution with location
vector i € RP, non-negative definite dispersion matrix ¥, and characteristic generator ¢, if centered
random vector X — p has characteristic function of the form gx_, (t) = ¢ (tT Et), fort € RP; see [15]
for the most general definition of this family of distributions. In this case, we write X ~ EC, (i, X, ¢),
and denote its cumulative distribution function (cdf) by Fec, (X; pt, X, ¢). It is well known that this
family of distributions is closed under linear transformation, marginalization, and conditioning. In
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particular, if X ~ EC, (u, X, ¢) with X of full rank p, then X~2 (X — ) ~ EG, (0, I,, 9), where

I, € MP*P is an identity matrix. Moreover, if the probability density function (pdf) of X exists, it is of
the form

fiep (%, 2 0P) = |Z172 09 (x— )" 57 (x— p)), x €W, (1)

where h® is the density generator function; see [17]. In this case, ¢ can be replaced by h®® in the
above notation, and we denote an elliptical distribution by X ~ EC, (u, X, h?)). Moreover, if X, u
and X are partitioned as

X, 78 T X
X= , = ) X = )
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where X; and u, are g x 1(q < p) vectors, X7 is a q x q positive definite matrix, and so on. Then,
X ~ ECq ("Ll’ DT h(q)) ’

Xo | X1 =x1) ~ EG—g (I’vz + ZnZ X — ), T — 2 Ey o, hff&?;) ,

with w (x1) = (X1 — py)" Z7) (%1 — 1), and h@ and hP~? can be expressed in terms of h® as

pq o0
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hD (u) = n - f X7 w4+ x)dx, u>0,
L (51 Jo
and

)

h(p—q)(u) — w’ u>o.
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Two important special cases of elliptical distributions are the multivariate normal and t
distributions. Specifically, if the generator function in (1) is h® (u) = e %2/ (27)*?, u > 0, we
get the usual multivariate normal distribution, denoted by X ~N, (u, X), with pdf

1 _

by (X 1, %) = ﬁexp<—5(X—M)TE ](X—u)), x € R,
Qn)P?|Z|2
and if fora v > 0 (degrees of freedom), if the generator function be is
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we get the usual multivariate ¢ distribution, denoted by X ~t, (u, ¥, v), with pdf
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Since the elliptical distributions are symmetric, multivariate skew-elliptical distributions have
been proposed, studied and generalized by many authors. Azzalini [6] discussed formally and

popularized the univariate standard skew-normal distribution. A random variable Z, is said to have a
standard skew-normal distribution with parameter A € R, denoted by Z, ~ SN(}), if its pdfis

$sn(z: 2) =20(2)P(Az), z €R,

where ¢ (z) and @ (z) denote the standard normal pdf and cdf, respectively. This distribution and its
variations have been discussed by several authors including Azzalini [7], Henze [21], Branco and Dey
[14], Loperfido [26], Arnold and Beaver [5], Balakrishnan [ 12], Azzalini and Chiogna [9]. Arecent survey
of developments on skew-normal distribution and its multivariate form is due to [8].

For the multivariate version, Azzalini and Dalla Valle [ 10] presented the multivariate skew-normal
distribution, while [25] gave a Bayesian interpretation of the multivariate skew-normal distribution.
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