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1. Introduction

Yearly progression predictions are commonly reported for clinical longitudinal data. For example, Raghu et al. (2011)
report that mild to moderate idiopathic pulmonary fibrosis (IPF) patients tend to lose 0.2 I in forced vital capacity lung
function per year. This is a valuable summary statistic that has not been sufficiently explored for censored time to event
data. It would be clinically useful to be able to report that IPF patients followed for 10 years were observed to live 91% of
each year, on average, given they were alive at the start of the year. This concise estimate describes how the disease will
affect patients in the short term and indicates stability of the disease where appropriate. Health economists have noted that
patient’s value life-years closer to the present more than those in the future (Gyrd-Hansen and Sogaard, 1998).

The restricted mean residual life function (RMRL) is the expected days of life per year for those surviving at the beginning
of the year and may be used to view trends in these summary statistics over time. Ghorai et al. (1982) proposed an estimator
based on integrated conditional Kaplan-Meier estimates (Ghorai and Rejto, 1987) and Na and Kim (1999) proposed a
smooth-spline estimator for this quantity, among others. Yu (2003) developed confidence bands for restricted mean residual
life functions estimated via Nelson-Aalen estimates, Cox model hazard estimates and inverse weighted hazard estimates,
calling them expected life prosper functions (ELPF). Stability of these functions suggests an opportunity for producing an
overall summary statistic that is more precise.

In Section 2 we review RMRL estimation and confidence band construction. Section 3 describes the nonparametric t-
restricted mean survival estimator that combines information across different t-length intervals of follow-up. The proposed
variance described in Section 3 is based on a linearization of random components of the estimator, similar to the approach
recommended by Woodruff (1971) and more recently Williams (1995). In Section 4 we consider how to choose the number
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of follow-up intervals useful for obtaining efficiency gains. A simulation study that assesses the performance of the proposed
estimate and its variance against currently available competitors is presented in Section 5. Examples of the proposed analysis
approach pertaining to IPF patients and diabetic retinopathy patients are given in Section 6. A discussion follows in Section 7.

2. t-restricted mean residual life
2.1. Notation

For each of n patients we define observed event time, X; = min(T;, (;), with failure indicator 6; = I(T; < (), based on
true failure time, T;, and censoring time, G;, i = 1, ..., n. Calendar time, t, is measured from the start of the study. We define
the residual life observed at t as X;(t) = (X; — t)I(X; > t) with failure indicator variable §;(t) = §;1(X; > t).

For a 7-length interval starting at calendar time, t, the t-restricted mean residual lifetime is wu(t, t) = E{min(T —
t, DT > t} = for Pr(T > t + u|T > t)du. Here, u denotes an internal time scale measured from calendar time t. We
examine values of w(t, ) measured at different calendar times t € {ty, ..., ty}, with t; = 0 in all that follows.

Counting process notation includes the two timescales described, t and u. For individual i, the event counting process is
N;(t, u) = I{X;(t) < u,d;(t) = 1} with at-risk process Y;(t, u) = I{X;(t) > u}. At t, the total number of events occurring no
laterthanuis N(t, u) = Z?:l N;(t, u) and the number atriskatuis Y(t, u) = Z};l Y;(t, u). We require notation combining
counting process quantities across calendar times, {tq, ..., ty}. For individual i and internal time u, N;(u) = 22:1 N;i(tg, u)
and Y;(u) = ZZ:] Y;(tx, u). Combining information across follow-up intervals and patients gives us N(u) = Zzzl N(ty, u),
total number of events occurring no later than u, and Y (u) = ZL] Y (t, u), total number at risk at u.

2.2. Estimation of t-restricted mean residual life

The t-restricted mean residual lifetime function, w(t, t), tracks subsequent expected lifetime during an interval of
length t given the patient has survived up to time t. Henceforth we call wu(t, ) the RMRL function. Using notation

from the previous section, a consistent nonparametric estimator of the RMRL function is i(t, T) = for I3(t, s)ds where
P(t,s) = exp {— [; dN(t, u)/Y(t, u)}.

2.3. Confidence bands

We slightly modify work from Yu (2003) for RMRL confidence band calculations applied to times {ty, ..., t;}. Plotting
the RMRL function with its corresponding bands is useful in suggesting whether follow-up windows may be combined for
estimation or not.

Technical development of confidence bands for {w(t1, 7), ..., u(ty, T)} is based on the Gaussian process B(t, t) =
n'2{f(t, T) — n(t, t)} and the covariance of this process at times t;, and tj,, j1 = 1,...,b, j, = 1,..., b. The estimated

covariance matrix ), ., with estimates of cov{B(t;,, 7), B(t;,, T)} as the (ji, j2) elements, is
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Following Lin et al. (1994), the asymptotic distribution of {B(t{, T), ..., B(ty, T)} is approximated by generating a large
number of mean zero multivariate Normal samples using the observed covariance structure, ", ,. Using these samples, we

calculate g, satisfying Pr{max;c, ... ¢} |I§(t, 7)| > qo} = . Level 100(1 — «)% confidence band values surrounding u(t, )
—1/2

become [[L(t, T)—n X G, (t, T) + 0712 x qa], calculated at times t = {ty, ..., tp}. In practice, these confidence
bands perform well provided that there are at least 25 event times following t, (Yu, 2003).
3. Overall t-restricted mean survival

The RMRL plots and associated confidence bands are a useful diagnostic tool to assist in deciding whether disease
progression is stable, i.e. the RMRL is the same at each t, ..., tp, or not. When the RMRL and its corresponding confidence
bands do not indicate a strong trend, we develop a more efficient estimate of the expected number of days lived in the next

T years by pooling appropriate follow-up periods beginning at times t € {t1, ..., tp}.

3.1. Estimation

The proposed estimate of the overall t-restricted mean survival is

N _ [TdN@W)
pL(t)—/(; exp{ /0 Y(u)}ds' (1)
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