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1. Introduction

Continuous-state branching processes (CB-processes) were first introduced by Jifina (1958). Lamperti (1967) provided
a one-to-one correspondence between CB-processes and killed Lévy processes without negative jumps by random time
changes. New proofs of the result were given by Caballero et al. (2009). Lambert (2005) defined the logistic branching
processes (LB-processes) in terms of time-changed Ornstein-Uhlenbeck type processes to model competition within the
population. More general competition models were introduced in Ba and Pardoux (2013, in press), Le (2014) and Berestycki
etal. (2015).

In this work, we will introduce the CB-processes with more general competition in terms of a stochastic integral equation
with jumps and a nonlinear drift. In Section 2 we show that these processes are in one-to-one correspondence with strong
solutions to a certain type of stochastic differential equations driven by Lévy processes with no negative jumps. Finally
in Section 3 we give an application of this result by studying the distribution of the maximal jump of a CB-process with
competition.

2. Lamperti transformation for CB-processes with competition

In this section, we study the connection between Lévy processes with no negative jumps and CB-processes with
competition. Let ¢» be a branching mechanism with the representation

-l o0
d(\) = ba + EJZAZ +/ (e —1+z0m(dz), + >0, (2.1)
0

where b € Rand o > 0 are constants and (z A z2)m(dz) is a finite measure on (0, 00).
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Let (2, #, %, P) be a complete filtered probability space. Let {B;} be a standard Brownian motion and N(ds, dz,du) a
compensated Poisson random measure on (0, co)? with intensity dsm(dz)du. Let 8 be a continuous non-decreasing function
on [0, co) with 8(0) = 0. Given Yy > 0, consider the following stochastic equation

t t t t poo pYso
Y[:Yo—b/ sts—/ ﬂ(YS)ds+o/ \/Zst—i—f / / zN(ds, dz, du). (2.2)
0 0 0 0 0 0

We understand the last term on the right hand side as an integral over the set {(s,z,u) :0 <s<t,0 <z < 00,0 <u <
Y;_} and give similar interpretations for other integrals with respect to Poisson random measures in this article. By a solution
of the stochastic equation to (2.2), we understand a cadlag and (%;)-adapted process {Y; : t > 0} that satisfies Eq. (2.2)
almost surely for every t > 0. We say {Y; : t > 0} is a strong solution if, in addition, it is adapted to the augmented natural
filtration generated by {B;} and {N(ds, dz, du)}.

By Proposition 5.1 in Fu and Li (2010), there is a unique non-negative strong solution {Y; : t > 0} to (2.2); see also Dawson
and Li (2006, 2012). Note that {Y; : t > 0} is a CB-process with branching mechanism ¢ if 8 = 0. We call {Y; : t > 0} a
CB-process with competition, with branching mechanism ¢ and competition mechanism 8. Some special cases of this model
have been studied by a number of authors; see, e.g., Ba and Pardoux (in press), Lambert (2005), Le (2014), Le and Pardoux
(in press) and Le et al. (2013).

Clearly, zero is a trap for {Y; : t > 0}. Define Ty = sup{t : Y; > 0}. The functional

t > 5t :/ Yeds (2.3)
0

is then continuous and strictly increasing as longas t € [0, Tp). Let K = n(Ty) = n(0co0) and t — C(t) be the right inverse of
n. Then C(t) is a continuous strictly increasing function with values in [0, Ty) for t € [0, K), and C(t) = oo for t € [K, 00).
Moreover, we clearly have

C(n(s)) =s fors e [0, Tp), n(C)) =t fort € [0, K).

Theorem 2.1. Define {R;} by
Rt = Yeiynr,, t2=0. (2.4)
Then {R;} is a solution of the following SDE:

BRy)
dR: = 1(g,_>0:r<tydLy — 1{Rr,>0:r5r)T[df, Ry = Yo, (2.5)

t

where {L,} is a Lévy process generated by (62, m, —b)4; see, e.g., Sato (1999, p. 65).

Remark 1. Since {Y; : t > 0} has no negative jumps and Y;_ = O implies Y; = 0, we getY,_ > 0iff Y, > 0ifft € [0, Tp).
Thus R,_ > 0iff R, > 0ifft € [0, K). Then for any t € [0, K), (2.5) is equivalent to

t
Reo=Yo+L —/ BR) 4. (2.6)
0 Rs

Proof. By (2.2) and (2.4), we have

C(t)ATy C(t)ATy C(t)ATy
Ro=Yo—b / Yyds — / B(Ys)ds + o / VY.dB;
0

0 0
COATy poo pYso
—|—/ / / zN(ds, dz,du), t > 0. (2.7)
0 o Jo

It is elementary to see that

C(t)ATy
. f JVudB,
0

is a continuous local martingale with increasing process
C(t)ATy
/ Yids =t AK.
0

Thus, there exists a Brownian motion {Et} such that

C(t)ATy _
/ V/YidBs = Bk (2.8)
0



Download English Version:

https://daneshyari.com/en/article/1151344

Download Persian Version:

https://daneshyari.com/article/1151344

Daneshyari.com


https://daneshyari.com/en/article/1151344
https://daneshyari.com/article/1151344
https://daneshyari.com

