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1. Introduction

Since the generalized linear models (GLMs) were introduced by Nelder and Wedderburn (1972), statisticians have been
trying to extend its scope of application. An important extension proposed by Wedderburn (1974) is the quasi-likelihood
function, which requires the correct specification of a relationship between the mean and variance function only, rather
than the entire distribution of the response variable. The quasi-likelihood approach is useful because in many situations the
exact distribution of the observations is unknown. Moreover, a quasi-likelihood function has statistical properties similar
to those of a log-likelihood function. For more comprehensive explanation about GLMs and quasi-likelihood functions, we
refer to McCullagh and Nelder (1989).

Suppose that (x;,y;), i = 1,2, ..., n are n pairs of design vectors and responses. In many practical applications, the
design variables at a particular stage are chosen according to the information from previous observations. In other words,
the choice of design vector x, at the stage n depends on the previous observations of ¢, y1, ..., X,_1, yn_1. Formally, let
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Fn = c(X1,Y1,...,X,,yn) forn € N, where o (X1, y1, ..., X, ¥n) denotes a o-algebra generated by (X1, y1, ..., Xn, Yn),
then the design vector at n-stage, x,, is #,_1-measurable. For each i, assume that (x;, y;) satisfies
E@yilFio1) = wi = h(x;, B), (1.1)
Var|Fio1) = of = o?v(w), (1.2)

where x; € RY, y; € R, h(-, -) is a known differentiable function, 8 is an unknown parameter vector to be estimated, 2 is a
scale parameter which is usually treated as a nuisance parameter, and v(-) is called a variance function, which may or may
not be known.

If the variance function v(-) is known, following McCullagh and Nelder (1989), Wedderburn (1974), Xia and Kong (2008),
and Xia et al. (2008, 2010), the log quasi-likelihood is defined as

Mi —
/ dt, = hix B) 2 w(B). (13)
i O v(t)

When v(~) is unknown, we replace v(-) in (1.3) by a suitably-chosen known function A(-) which is called a “working”
variance function (see, for example, Liang and Zeger, 1986, Zeger and Liang, 1986, Fahrmeir, 1990, Xia et al., 2014 and
references therein), thus the log quasi-likelihood is changed into

QB V) = Z f Lodts = s B) & . (14)

Then models defined by (1.1) and (1.4) are called quasi-likelihood nonlinear models (QLNMs) with stochastic regression.
It is easily seen from (1.4) that quasi-likelihood equation is

n
ani(B) _
Y Tg AGuB) 0= () =0 ju(B) = hixi, B). (15)
i=1
Clearly, QLNMs with stochastic regression encompasses some important special cases. For example, if u;(8) = x; 8
and A = 1, it reduces to linear stochastic regression models (see Nelson, 1980, Lai and Wei, 1982, and Wei, 1985); if

wi(B) = h(x!B), A(-) = v(-), and y; is drawn independently from a one-parameter exponential family of distributions,
with density function

exp{fiyi —b@)}dy (y), i=1,....n,
where b(.) is a known function, y (.) is a measure, then (1.5) can be rewritten as

. 9h
xS 0 0 ) =0, B = hl B, (16)

i=1 n=x B

Eq. (1.6) is just the well-known likelihood equation of generalized linear models with adaptive designs (see Chang, 1999,
2001). Therefore, QLNMs with stochastic regression is an extension of the linear stochastic regression models and the

generalized linear models with adaptive designs. The root of Eq. (1.5), denoted by /‘fn, is called the maximum quasi-likelihood
estimator (MQLE) of B, (here and in the sequel 8, denotes the true value of parameter f3).

In the past three decades, a number of authors have been concerned about the strong consistency of estimator of a regres-
sion parameter in stochastic regression models. For example, write e; = y; — E(y;| Fi—1) = ¥; — h(x;, B,), when the system
is linear, Lai and Wei (1982) obtained the strong consistency and convergence rate of least-squares estimate in stochastic
regression models under sup;..; E(|ej|*|Fi-1) < oo a.s.for some o > 2.Ding and Chen (2006) proved the strong consistency
of the maximum likelihood estimate in generalized linear models with stochastic regressors under some mild conditions.
For generalized linear models with canonical link functions, and under similar conditions of Lai and Wei (1982), Chen et al.
(1999) showed the strong consistency of the MQLE for both adaptive and fixed design cases. But, none of the results in the
literature genuinely covers the strong consistency of the maximum quasi-likelihood estimator in QLNMs with stochastic
regression in full generality. In this paper, we study the strong consistency of MQLE in QLNMs with stochastic regression.

This paper is organized as follows. Section 2 introduces some regularity conditions and lemmas. In Section 3, based
on Lemma A of Chen et al. (1999) and the regularity conditions given in Section 2, the strong consistency as well as the
convergence rate for MQLE is derived in QLNMs with stochastic regression, subsequently, an example is provided to illustrate
that the proposed conditions are reasonable. The conclusion of the paper is given in Section 4.

2. Conditions and lemmas

Before formulating the assumptions, we introduce some notation. Let Amin(A)(Amax(A)) denote the smallest (largest)
eigenvalue of a symmetric matrix A; let ||Bll = (3_7_; >0, |bj|»)"/* = (tr(B"B))'/? for any matrix B = (by) € RP*Y;
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