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a b s t r a c t

This paper considers the derivation of a new lower bound for the generalized discrete
discrepancy of designs involving mixed level factors. Using mirror mapping and foldover
techniques, a simple and efficient construction method of Sudoku-based mixed level
uniform designs is proposed. Moreover, the properties of such Sudoku-based mixed level
uniform designs are investigated.
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1. Introduction

The research on the construction of uniformdesigns is attractive. In this regard, Li et al. (2014) considered the construction
and analysis of Sudoku-based uniform designswith equal level factors. It is well known that Sudoku designs originated from
a popular game named Sudoku puzzle. It is clear from the definition that Sudoku designs are U-type designs. These designs
are so constructed that they have control of blocks as compared with the general U-type designs. This enables extensive
application of these designs in various fields. Because of the special structure of Sudoku designs, many researchers paid
attention to the study of these designs in the recent years. Xu et al. (2011) considered the construction of space-filling
designs based on Sudoku designs and these designs achieve maximum uniformity in univariate and bivariate margins.
Fontana (2011) studied the fractional factorial design generation based on Sudoku designs. Subramani (2012) extended
the Sudoku designs to orthogonal (Graeco) Sudoku square designs similar to orthogonal (Graeco) Latin square designs and
presented a simple method of constructing Graeco Sudoku square designs of odd order. Using graph theoretic techniques,
Fontana (2014) developed a simple algorithm for uniform random sampling of Latin squares and Sudoku designs. Li et al.
(2014) considered the construction and analysis of Sudoku-based uniform designs with equal level factors.
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A literature review reveals that the uniformity criterion received a great deal of attention in the field of design of
experiments. Based on this criterion, Fang and Wang (1994) pioneered the study of uniform designs. Uniform designs are
model independent and spread experiment points evenly over the experimental domain. The uniformity criterion favors
designswith the smallest uniformity and can be applied to both regular and nonregular factorials. Fang et al. (2005) provided
uniform designswhich are useful space-filling designs. There aremanymeasures to assess the uniformity of various designs.
Among them, the discrete discrepancy measure due to Hickernell and Liu (2002) and Qin and Fang (2004) possesses nice
properties. Chatterjee and Qin (2011) extended this measure to the generalized discrete discrepancy.

The present paper aims at obtaining a new lower bound for the generalized discrete discrepancy measure for designs
with mixed levels. This lower bound can be used as a benchmark for searching uniform designs. Moreover, this paper aims
at providing a simple but efficient method for the construction of Sudoku-based uniform designs with mixed level factors
and also aims at studying the uniformity aspect of those designs measured by the generalized discrete discrepancy.

The paper is organized as follows. Section 2 provides the notations and preliminaries. In Section 3, a new lower bound for
the generalized discrete discrepancy is provided. A construction algorithm of Sudoku-based designs is proposed in Section 4.
Some illustrative examples are also provided in Section 4. Based on the squareddiscrete discrepancymeasure, Section 5deals
with the derivation of the relationship between the constructed uniform designs and their subdesigns. We conclude with
some comments in Section 6.

2. Notations and preliminaries

Here we use the symbol D(n;m1
s1m2

s2) to denote a class of designs involving n runs and s (=s1 + s2) factors where,
without loss of generality, the first s1 factors are each at m1 levels and the last s2 factors are each at m2 levels. A design
d ∈ D(n;m1

s1m2
s2) is an n× smatrix where the entries of the first s1 columns are taken from the set {1, 2, . . . ,m1} and the

entries of the last s2 columns are taken from the set {1, 2, . . . ,m2}. It is to be noted that the rows of the matrix represent
runs and the columns represent the factors. If each entry of every column of d appears equally often, the design d is then
called a U-type design with mixed levels. Let U(n;m1

s1m2
s2) be the class of such designs. Moreover, we use the symbol

U(n;ms) to denote the class of U-type designs where we have m1 = m2 = m. Designs belonging to the class U(n;ms) are
called symmetric U-type designs.

In this paper, the generalized discrete discrepancy is used as the measure of uniformity. For any design d ∈ U(n;m1
s1

m2
s2), the generalized discrete discrepancy value is denoted by DD(d; a1, b1, a2, b2). Following Chatterjee and Qin (2011),

we have

[DD(d; a1, b1, a2, b2)]2 = −
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+
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, (1)

where a1 > b1 > 0, a2 > b2 > 0, a1, b1, a2, b2 are all constants andψ (t)
ij is the coincidence number between the ith and the

jth rows of d corresponding to the st factors each atmt levels, t = 1, 2.
When a1 = a2 = a, b1 = b2 = b, the generalized discrete discrepancy is exactly the same as the discrete discrepancy

proposed by Fang et al. (2003) andQin and Fang (2004).We useDD(d; a, b) instead ofDD(d; a1, b1, a2, b2). By (1),DD(d; a, b)
can be rewritten as

[DD(d; a, b)]2 = −
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where ψij(d) is the coincidence number between the ith and the jth rows of d.
Moreover, whenm1 = m2 = m, s1 + s2 = s in (2), [DD(d; a, b)]2 can be expressed as

[DD(d; a, b)]2 = −


a + (m − 1)b

m
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+
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. (3)

The following definition will be helpful in developing the rest of the paper.

Definition 1. Suppose p = m× l, where p,m and l are all integers larger than one. If the design X with p blocks is composed
of a p order matrix which includes p distinct characters and the p characters appear exactly once in each row, each column
and each block with order l × m, then the design X is called as a Sudoku design with order p.

Note that the Sudoku designwith order p can be decomposed l columnblockswith order p×m orm rowblockswith order
l× p. For example, Sudoku designs X6 with order 6, X8 with order 8 and X9 with order 9 are respectively given in Tables 1–3.
X6 includes 3 column blocks with order 6×2 or 2 row blocks with order 3×6, X8 includes 2 column blocks with order 8×4
or 4 row blocks with order 2 × 8, and X9 includes 3 column blocks with order 9 × 3 or 3 row blocks with order 3 × 9.

3. A new lower bound for generalized discrete discrepancy

This section considers the derivation of a new lower bound for the generalized discrete discrepancy.
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