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a b s t r a c t

We consider estimation in generalized linear models when there
are many potential predictors and some of them may not have in-
fluence on the response of interest. In the context of two compet-
ing models where one model includes all predictors and the other
restricts variable coefficients to a candidate linear subspace based
on subject matter or prior knowledge, we investigate the relative
performances of Stein type shrinkage, pretest, and penalty estima-
tors (L1GLM, adaptive L1GLM, and SCAD) with respect to the un-
restricted maximum likelihood estimator (MLE). The asymptotic
properties of the pretest and shrinkage estimators including the
derivation of asymptotic distributional biases and risks are estab-
lished. In particular, we give conditions under which the shrinkage
estimators are asymptotically more efficient than the unrestricted
MLE. AMonte Carlo simulation study shows that themean squared
error (MSE) of an adaptive shrinkage estimator is comparable to
the MSE of the penalty estimators in many situations and in par-
ticular performs better than the penalty estimators when the di-
mension of the restricted parameter space is large. The Steinian
shrinkage and penalty estimators all improve substantially on the
unrestricted MLE. A real data set analysis is also presented to com-
pare the suggested methods.
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1. Introduction

Generalized linear models (GLMs) are useful tools in the social sciences, biology, medicine, and
survival analysis. These models are extensions of linear models that allow for greater flexibility than
Gaussian linearmodels. They are based on an assumed relationship between themean of the response
variable and a linear combination of explanatory variables. Data may be assumed to be from several
families of probability distributions, including Bernoulli, normal, binomial, Poisson, negative binomial,
and gamma distributions, many of which provide good fits to non-normal error structures.

GLMs model the conditional distribution of a random variable Y given a vector of predictors to
follow a distribution in the exponential family using a linear combination x⊤β, where β is a vector
of coefficients. The parameter vector β is unknown and we wish to estimate it or to test hypotheses
about it. These are usually done by applying the maximum likelihoodmethod and the likelihood ratio
test.

In this paper we consider the estimation problem for GLMs when there are many potential predic-
tors and some of themmay not have influence on the response of interest. There are possibly extrane-
ous predictors in the model. Thus if the main concern is treatment effect, or the effect of biomarkers,
extraneous nuisance variables may be lab effect when several labs are involved, or the age and sex of
patients. The analysis will be more precise if ‘‘nuisance variables’’ can be left out of the model. This
leads to the consideration of two models: The full model that includes all predictors and possible
extraneous variables; and a candidate submodel that includes the predictors of main concern while
leaving out extraneous variables. One way to deal with this framework is to use pretest procedures
that test whether the coefficients of the extraneous variables are zero and then estimate parameters
in the model that include coefficients that are rejected by the test. Another approach is to use Stein
type shrinkage estimators where the estimated regression coefficient vector is shrunk in the direction
of the candidate subspace. This ‘‘soft threshold’’ modification of the pretest method has been shown
to be efficient in various frameworks. Ahmed et al. [1], Hossain et al. [11], Judge, and Judge and Mit-
telhammaer [14], among others have examined the properties of pretest and shrinkage estimation
strategies for parametric and semiparametric linear models.

For a real data example, we use the data analyzed by Park and Hastie [17] (this data set was orig-
inally collected by Rossouw et al. [18]). In this example, coronary heart disease may be related to the
variables: systolic blood pressure, cumulative tobacco, low density lipoprotein cholesterol, adiposity,
family history of heart disease, type-A behavior, obesity, alcohol, and age. Since the prior information
is not available here, the shrinkagemethod uses a two step approach. In the first step, candidate active
predictors are selected based on the stepwise or subset selection procedures and the model selection
criteria, such as AIC or BIC. It shows that cumulative tobacco, low density lipoprotein cholesterol, fam-
ily history of heart disease, type-A behavior and age are the most important factors and the effect of
the other variables may be ignored.

Returning to the general case, we will consider two models: One where x⊤β includes all the
x-variables with available data and β varies freely in ℜ

k and a secondmodel where β is in a candidate
subspace with β restricted to a linear subspace of dimension k1, k1 ≤ k. That is, we consider a
candidate subspace where an unknown k-dimensional parameter vector β satisfies a set of k2 linear
restrictions

Hβ = h, (1)

where k2 = k − k1, H is a k2 × k matrix of rank k2 ≤ k, and h is a given k2 × 1 vector of constants.
Since H has rank k2, the k2 equations do not contain any redundant information about β. Next we
combine the full and sub-model estimators in an adaptive and asymptotically optimal way. We will
consider the special candidate submodel where k2 of the β are zero in Section 4. In this case we can
write without loss of generality, β = (β⊤

1 , 0)⊤ with β1 a k1 vector. We call this the variable selection
submodel.

Other procedures that lead to shrinkage and submodels are penalized likelihood methods, such as
the least absolute shrinkage and selection operator (LASSO) (Tibshirani [21]), the smoothly clipped
absolute deviation method (SCAD) (Fan and Li [8]), and adaptive LASSO (Zou [26]). These methods
were proposed for linear models and GLMs. They select a submodel by shrinking some regression
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