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a b s t r a c t

In this paper, we develop a fully nonparametric approach for the estimation of the cumula-
tive incidence function with Missing At Random right-censored competing risks data. We
obtain results on the pointwise asymptotic normality as well as the uniform convergence
rate of the proposed nonparametric estimator. A simulation study that serves two purposes
is provided. First, it illustrates in detail how to implement our proposed nonparametric es-
timator. Second, it facilitates a comparison of the nonparametric estimator to a parametric
counterpart based on the estimator of Lu and Liang (2008). The simulation results are gen-
erally very encouraging.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Competing risks models are widely used in biostatistics, empirical health economics and labor economics, for example,
when analyzing data for onset of diseases, mortality due to mutually exclusive causes of death or unemployment where
each individual is faced with competing exits (full-time employment, part-time employment). Hence, studying estimators
of the cumulative incidence function within this modeling framework is of great importance. The goal of this paper is to
derive asymptotic results for the nonparametric estimator of the cumulative incidence function in cases where continuous
covariates affect the realization of the failure time and the cause of failure isMissingAt Random(MAR) for someobservations.
The proposed nonparametric estimator is complementary to (i) the developed (semi)-parametric procedures with right-
censored data and continuous explanatory covariates (e.g., Andersen et al., 1993; Jeong and Fine, 2007; Scheike et al.,
2008 and (ii) the suggested parametric methods for right-censored data where the cause of failure is sometimes missing
(Lu and Liang, 2008). Finally, we compare our results on uniform convergence rates with the results of Bordes and Gneyou
(2011) who discuss the uniform convergence rate for the nonparametric estimator with right-censored competing risks
data.
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2. The nonparametric estimator

For expositional convenience, we will focus on two risks, 1 and 2. Let Y be the (actual) failure time and γ ∈ {1, 2} be a
failure type indicator. Let X ∈ X ⊂ Rd be a vector of observed covariates and denote by x its realization. Define for each
risk j = 1, 2 and (t, x) ∈ R+ × X the cumulative incidence function

Fj(t|x) := P(Y ≤ t, γ = j|x). (1)

We introduce the cause-specific hazard rate

λj(t, x) := lim
t→0

P(t ≤ Y < t + dt, γ = j|Y ≥ t, x)
t

. (2)

The cumulative cause-specific hazard rate is defined as follows: Λj(t, x) :=
 t
0 λj(u, x)du. Also, consider the overall hazard

rate λ(t, x) := λ1(t, x)+λ2(t, x), the corresponding cumulative overall hazard rateΛ(t, x) :=
 t
0 λ(u, x)du, and the survival

function S(t − |x) := P(Y ≥ t|x). By using (1) and (2) we get for j = 1, 2

Fj(t|x) =

 t

0
S(u − |x)dΛj(u, x), (3)

where

S(t − |x) =


u<t

{1 − dΛ(u, x)} . (4)

Denote by Z the censoring variable with ZyY , γ | X , where the symbol y implies independence between the underlying
random variables. Also, T := min(Y , Z), γ̃ := γ 1 {Y ≤ Z}. We observe n independently and identically distributed copies
(Ti, Xi, 1{γ̃i > 0}, Ri, Riγ̃i, ), where Ri is the missing indicator variable and the missing data mechanism satisfies the MAR
assumption (Rubin, 1976; Little and Rubin, 1987). The value of Ri equals 0 if Ti = Yi and the cause of failure is not observed.
On the other hand, the indicator variable Ri is equal to 1 if either Ti = Yi and the cause of failure is observed or Ti = Zi. The
MAR scheme that we adopt is described as follows:

P(R = 1|γ̃ , γ̃ > 0, T , x) = P(R = 1|γ̃ > 0, x) =: π(x). (5)

The independence of the probability on T has as its consequence the predictability of all integrands of the proposed estima-
tor. We also assume that

RyT |X . (6)

The latter is necessary in order to ensure that the underlying martingale processes are zero-mean. In the above discussion
we assume that the covariates are time-invariant. This setup is adopted only for notational convenience as all the results in
the sequel are true if X is predictable.

We will study the two following estimators for the cumulative incidence function,

F̂ C
j (t|x) =

 t

0
ŜC (u − |x)dΛ̂C

j (u, x), j = 1, 2 (7)

and

F̂ L
j (t|x) =

 t

0
ŜL(u − |x)dΛ̂L

j (u, x), j = 1, 2, (8)

where the superscripts C and L refer to the type of smoothing with respect to vector x. In particular, C is used for the local
constant smoothing, whereas L is used for the local linear smoothing.

Let ω = (ω1, . . . , ωd) ∈ Rd and Kh(ω) =
1
hd

d
p=1 K

ωp
h


, where K is a kernel with compact support K and h = o(n).

Introduce the quantity Lh,x(ω) =
Kh(ω)−Kh(ω)ωTD̄−1 c̄1

c̄0−cT1 D̄
−1 c̄1

, with c̄0 =
1
n

n
i=1 Kh(x − Xi), c̄1ρ =

1
n

n
i=1 Kh(x − Xi)(xρ − Xiρ),

d̄ρκ =
1
n

n
i=1 Kh(x− Xi)(xρ − Xiρ)(xκ − Xiκ), c̄1 = (c̄1ρ)dρ=1, and D̄ = (d̄ρκ)

d
ρ,k=1. The notations xρ and Xiρ refer to the ρ-th

element of the corresponding row vector. The quantity Kh(.) will be used for the construction of the weights for the local
constant estimator. On the other hand, the quantity Lh,x(.), which is also commonly referred to as the equivalent kernel,
will be used for the construction of the weights for the local linear estimator.

First, we will describe the nonparametric estimator for the probability of having an observation with a missing cause
of failure. The estimator of this probability is needed for the estimator of Λj(t, x). Define π(x, γ̃ ) := P(R = 1|x, γ̃ ) =

1{γ̃ > 0}π(x)+ 1{γ̃ = 0}. That is, π(x, γ̃ ) specifies the probability of having an observation with a missing cause of failure
given the observed characteristics x and the value of the indicator γ̃ . This probability is independent of the exact value of
γ̃ in case the latter is strictly positive (i.e., 1 or 2), whereas it is equal to one if γ̃ > 0 (i.e., the observation is censored).
For the local constant smoothing we have π̂C (x) =

n
i=1 Kh(x−Xi)1{γ̃i>0}Rin
i=1 Kh(x−Xi)1{γ̃i>0} , whereas for the local linear smoothing we have

π̂ L(x) =

n
i=1 Lh,x(x−Xi)1{γ̃i>0}Rin
i=1 Lh,x(x−Xi)1{γ̃i>0} .
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