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1. Introduction

The goal of this paper is to introduce a new kind of augmentation of filtrations which is suitable for a change of probability
measure associated with a strict local martingale. While it is safe and very convenient to work under the usual assumptions
when doing a change of probability measure where the density process is a uniformly integrable martingale, one must be
more careful if one takes a non-uniformly integrable martingale or a strict local martingale as a “potential” Radon-Nikodym
density process.

Indeed it was already noted in Bichteler’s book (2002) and later by Najnudel and Nikeghbali (2011) that in order
to extend a consistent family of probability measures from | J,., % to Foo = o (U[>0 #:) one has to impose certain
topological requirements on the probability space and one must refrain from the usual assumptions. This is however rather
unsatisfactory in general, since results from stochastic analysis like the existence of regular versions of martingales do
require some augmentation of the filtration. The existence of such versions is for example of interest whenever one considers
an uncountable number of stochastic processes as it is often the case in dynamic optimization problems. This led Najnudel
and Nikeghbali (2011) to introduce a new kind of augmentation of filtrations, the natural augmentation, that is compatible
with the construction of a probability measure on ¥, whose density process is defined via a non-uniformly integrable
martingale.
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While a positive strict local martingale (X;), i.e. a local martingale which is not a true martingale, cannot directly serve
as a Radon-Nikodym density process it is still possible to construct a new measure Q on ¥,x_ by extending the consistent
family of measures Q, defined on # x by

Qp =X - P, ¥ =inf{t >0: X, > n}An, ¥ :nli)rrolorf,

if the filtration on the underlying probability space is the right-augmentation of a so called standard system. Standard
systems were introduced by Parthasarathy (1967) and first used in the above context by Follmer (1972). Since in this case
the measure Q is only uniquely defined on the sub-o-algebra #_x _ and is generally not absolutely continuous with respect
to P on %, for all t € R, we cannot use the natural augmentation introduced by Najnudel and Nikeghbali (2011). While the
problem in Najnudel and Nikeghbali (2011) was the inclusion of null-sets from #, in the initial filtration %, the problem
now becomes even more severe in that one can no longer include any null-events that happen after time z¥ in the initial
filtration %;. This observation leads us to introduce a new kind of augmentation of filtrations along a sequence of stopping
times that is on the one hand rich enough to make classical results from stochastic analysis hold true up to some stopping
time and that on the other hand still allows for the construction of the new probability measure.

This paper is organized as follows: in the next section we introduce a new kind of augmentation of filtrations along
an increasing sequence of stopping times and we establish the existence of nice versions of stochastic processes up to
some stopping time under the new augmentation. In Section 3 we briefly review the construction of the above mentioned
probability measure associated with a positive (strict) local martingale, before we apply the augmentation results from
Section 2 in this setting.

2. (t,)-natural assumptions

Let (£2, F, (Ft)t>0, P) be a filtered probability space. We will start with a definition before stating the augmentation
theorem.

Definition 2.1. Let (t,),cy be an increasing sequence of (#;)-stopping times.

e Asubset A € £2 is called (t,)nen-negligible with respect to (2, #, (¥:)r>0, P), iff there exists a sequence (Bp)ney Of
subsets of £2 s.t. foralln € N, B, € ¥,, P(By) =0,andA C UneN

e We say that the filtered probability space (2, ¥, (¥t)r>0, P) is (1.'") complete, iff all the (z,)-negligible sets of £2 are
contained in %y. It satisfies the (t,)-natural conditions, iffitis (7,)-complete and the filtration (#;),>¢ is right-continuous.

Note that in the case of r, = n, the above definition as well as the next theorem reduces to the case of the natural
augmentation studied in Bichteler (2002) and Najnudel and Nikeghbali (2011), where all F,"-negligible sets foralln € Nare
included in %. Thus, the following theorem can be seen as a generalization of Proposition 2.4 in Najnudel and Nikeghbali
(2011).

Theorem 2.2. Let (t,)nen be an increasing sequence of stopping times on a filtered probability (£2, , (¥¢)¢=0, P) and denote
by N the family of all (z;)-negligible sets with respect to P. Set ¥ = o (F, N) and F, = o (%, N) forallt > 0. Then
there exists a unique probability measure P on (L2, ¥), which comctdes with P on ¥, and the space (£2, ¥ (ft)po, P) satisfies
the (t,)-natural conditions. Moreover, (£2, 'f (E)r>0, P) is the smallest extension of (2, F, (Ft)t>0, P) which satisfies the
(tq)-natural conditions. We therefore call it the (t,)-augmentation of (2, ¥, (¥t)t>o0, P).

Proof. We only give a sketch of the proof, because all steps except the third one (which we do in detail) follow closely the
proof of Proposition 2.4 in Najnudel and Nikeghbali (2011).

(1) Define & = {A C 2| 3A e f' : AAA" € WN}. As in Najnudel and Nikeghbali (2011) it is easily checked that &
is a o-algebra and that & = . This implies that if Pisa probability on (£2, ?’) extending P we must have P(A) =
Fng’) forA € ¥, where A’ € 5” satisfies AAA'" € . Therefore, the measure P is unique if it exists. Furthermore,

={AC 2|3A € ?}* AAA" € N}forallt > 0 as can be easily verified.

(2) Next we show that (5‘?):>o is right-continuous:

For this assume that A € [, 375 Therefore, A € ?7t+1/n for all n € N and there exists A], € Ft1/n)+ such that
AAA; € N foralln € N. But then

- Uk s

meNn>m

and

AAN:AADWLJM}eN
meN n>m

which implies that A € ﬁ
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