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1. Introduction

In the analysis of time-varying volatility of financial time series, high persistence in volatility has been widely recognized
as one of the most prominent features. To capture such high persistence, the integrated GARCH models were once introduced
by Engle and Bollerslev (1986). However, some authors argued that high persistence may occur due to structural breaks in
volatility. For relevant references, we refer to Lamoureux and Lastrapes (1990), Mikosch and Starica (2004) and Hillebrand
(2005). Besides, it has been also revealed that the existence of volatility shifts can result in spurious long range dependence
in volatility (see, for example, Klemes (1974), Teverovsky et al. (1999), Diebold and Inoue (2001), Mikosch and Stdrica
(2004) and references therein). Accordingly, it has been in agreement that structural breaks in volatility should be taken
into consideration when modeling the volatility of financial time series.

The problem of detecting the change points, or structural breaks has been studied for decades in the context of changes
in mean. Among many others, we will refer to Csoérgé and Horvath (1997), Perron (2006), Aue and Horvath (2013) and
references therein for comprehensive review. Recently, with a remarkable attention to volatility shifts of financial time
series, detecting and locating structural changes in volatility has attracted many researchers. For example, Kokoszka and
Leipus (2000) suggested a CUSUM type change-point estimator in ARCH models with a single volatility shift. Andreou
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and Ghysels (2002) conducted an extensive simulation study to compare the performance of existing methods for various
multiple volatility shifts. Davis et al. (2008) considered multiple breaks detection for a class of segmented GARCH processes
based on the minimum description length algorithm.

This paper introduces the Gaussian quasi-maximum likelihood estimator (QMLE) to find the location of multiple volatility
shifts and the binary segmentation procedure to estimate the number of volatility shifts. Our proposed method is very
straightforward and easy to implement. From a theoretical viewpoint, our Gaussian QMLE is shown to be consistent and
converges in an order of sample size, namely n-consistent. It is also shown that the binary segmentation procedure provides
a consistent estimation for the number of volatility shifts. Monte Carlo simulations support that our proposed method
performs reasonably well even for non-Gaussian settings.

2. Estimating the locations of multiple volatility shifts

We consider the following volatility shifts model. For a set of break fractions 0 =: Ag < A1 < -+ < Ag < Agy1 =1, let
re=ry, if[nA] <t <[nki],  of =Er}; <oco, fori=0,...,R, (2.1)

where {(ro, ..., Tr¢) : t € Z}is strictly stationary and ergodic with mean zero. It is assumed that each aiz is strictly positive
and aiz_l #* aiz foreveryi = 1, ..., R Infinancial applications, {r;} usually represents a series of log-returns with R volatility
shifts, and each [nA;] denotes the ith break point. Furthermore, we will write A3, ..., Ay as the true locations of multiple
volatility shifts satisfying

Ay — A} > o foreachi=0,...,R,

for a sufficiently small number go > 0. The true volatility on an interval ([nA7], [nA7,;]] is denoted by v; := Erfo,
i = 0,...,R. In practice, we observe {rq, ..., r,} with unknown number of volatility shifts. Here, we will consider the
estimation of A7, ..., Az when Ris known. Statistical inference on the unknown number of volatility shifts R will be discussed
in Section 3.

The idea behind our proposed estimator is very straightforward. Suppose that {r;} in (2.1) are independent observations

from Normal distribution. Then, the negative log-likelihood is given by

R [nhiy1] 2
Lo ot o= Y {—tz-l—logoiz}. 22)
i=0 t={nrg}+1 LOi
By minimizing £ with respect to nuisance parameters ag, R GR?, that is, solving 8£/80,-2 =0,i =0,...,R, we obtain
that
[n)wrl]
~2 1 :

i

= Z re. (2.3)
[nAip] = [nnl 55,

By plug-in (2.3) to (2.2), a profile likelihood becomes

R [nAiy1]
1
LA, AR Ty 0g) = ) ([Mhigr] — [MA]) § 1+ log ————— - (24)
IZO: [MAig1] — [nAi] t:[n;:]H
Therefore, we obtain the Gaussian MLE by minimizing .£ with respect to (A1, ..., Ag). For dependent observations {r;}, (2.2)

divided by sample size n can be interpreted as the method of moment estimator of

R A R
1 i+1
> {Zf zZ(W)dA + (hipr — A) 1ogo—f} C 20 =) vl (] < A < A7)
i=0 i JAi i=0
Since the counterpart is minimized at (Aq,...,Ag) = (A],...,AR) and (002, e a,%) = (vo,...,Vg) (cf. the proof of
Theorem 1), the estimator minimizing £ is reasonable.

Finally, we define our Gaussian QMLE as

(A, ..., Ag) == argmin {My(A1, ..., Ag) : A € Dy}, (2.5)
where
R
Ma() = D La iy dis),
i=0
1 [nAitq]
Ln(Ais Aig1) = (Rig1 — Ai) 14 log MO — ) Yo

t=[nA;]+1
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