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a b s t r a c t

In this note, we present some refinements of the well-known domination inequalities. Let
X be an adapted positive cadlag process dominated by a predictable increasing process A
with A0 = 0. We derive some sharper constants in the inequalities. For the widely used
inequality

E

X∗

∞

p
≤

2 − p
1 − p

E

Ap

∞


, 0 < p < 1,

we obtain the following strengthened version
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Where X∗
∞

= supt<∞ |Xt |. This inequality is sharper in the sense that it yields that the
growth rate of Cp is 1/p as p → 0+ in the following Lp inequality:

∥X∗

∞
∥p ≤ Cp∥A∞∥p, 0 < p < 1.

We also apply the improved inequalities to martingales, the Ornstein–Uhlenbeck process
and Bessel processes.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

Since established by Lenglart (1977) and improved by Yor (1979, 1982), domination inequalities have become an
important tool in probability and statistics. Domination inequalities are often used to establish inequalities between a pair
of stochastic processes, such as inequalities for semi-martingales (Barlow and Yor, 1982), inequalities for local times of
martingales (Chao andChou, 2000), inequalities forOrnstein–Uhlenbeckprocesses (Graversen andPeskir, 2000), inequalities
for diffusion processes (Botnikov) and some others (Veraar and Weis, 2010; Banuelos and Baudoin, 2011). Though well
known and widely used for a long time, domination inequalities can be further improved. In this paper, we present some
refinements of domination inequalities.We shall use the standard notions of general theory of stochastic processes, and thus
consider stochastic processes with cadlag paths. We first introduce some notations and recall some well-known results. For
more details, refer to Revuz and Yor (1998) or Liptser and Shiryaev (1989).

Let (Ω,F ,Ft , P) be a filtered probability space with filtration (Ft)t≥0 satisfying usual conditions. A stochastic process
A = (At)t≥0 is called an increasing process if it is adapted to the family (Ft), whose paths are positive, increasing, finite and
right continuous on [0,+∞). An adapted positive cadlag process X is called dominated by an adapted increasing process A
with A0 ≥ 0, if

E(Xτ ) ≤ E(Aτ )
for any bounded stopping time τ .
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For real numbers a and b, we denote a ∧ b = min{a, b}, a ∨ b = max{a, b}. Let X be a random variable. For p ∈ (0,∞),
we denote ∥X∥p = [E(|X |

p)]
1
p the Lp norm of X . For a stochastic process X = (Xt)t≥0 and a stopping time τ , we write

X∗

τ = sup
s≤τ

|Xs|, X∗

∞
= sup

s<∞

|Xs|.

Lenglart (1977) established the following domination inequalities or domination principles.

Lemma 1 (Lenglart). Let X be an adapted positive cadlag process dominated by a predictable increasing process A with A0 = 0.
Then for any stopping time τ , any constants c > 0, d > 0,
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E(Aτ ∧ d)+ P(Aτ ≥ d). (1)

Lemma 2 (Lenglart). Let X be an adapted positive cadlag process dominated by a predictable increasing process A with A0 = 0.
Then for 0 < p < 1, the following inequality holds for any stopping time τ
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From Lenglart’s proof, Yor (1982) gave the following inequality.

Lemma 3 (Yor, 1982). Let X be an adapted positive cadlag process dominated by a predictable increasing process A with A0 = 0.
Then for any constants c > 0, d > 0,
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Letµ be a positive Radonmeasure on R2
+
, define Fµ(z) = µ([0, x]× [0, y]), z = (x, y) ∈ R2

+
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function φ(x) from R+ to R+ with φ(0) = 0, set
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If φ(x) = xp(0 < p < 1), then

Φ(x) =
1

1 − p
xp.

Yor (1982) established a general form of the domination inequality and deduced some interesting results from it.

Lemma 4 (Yor). Let X be an adapted positive cadlag process and be dominated by a predictable increasing process Awith A0 = 0.
(1) Let µ be a positive Radon measure on R2

+
. Then

E

Fµ


X∗

∞
,

1
A∞


≤ E


2Fµ


A∞,

1
A∞


+ A∞



x>A∞,y≤ 1

A∞

 x−1µ(dz)+



y> 1

A∞

 (xy ∨ 1)−1 µ(dz)


. (4)

(2) If φ(x) and ψ(x) are right-continuous increasing functions from R+ to R+, then
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In particular, taking φ(x) = xp, ψ(x) = xq(0 ≤ q < p < 1), then
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(3) Let φ(x) be a right-continuous increasing function from R+ to R+, then
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In particular, taking φ(x) = xp(0 < p < 1), one can obtain the Lenglart domination inequality (2)
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The aim of this paper is to present strengthened versions of the above domination inequalities.
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