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a b s t r a c t

In this note we provide a new proof of the L1 log-Sobolev inequality on the path space of
Poisson point processes. Our proof is elementary in the sense that it avoids the use of the
martingale representation on Poisson spaces. Moreover, the weak Poincaré inequality for
the weighted Dirichlet form is presented.
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1. Introduction

Consider a Poisson point process X = {Xt : t ≥ 0} on Rd with X0 = 0 and the Lévy measure ν, which satisfies ν({0}) = 0
and ∫

Rd


|z|2 ∧ 1


ν(dz) < ∞.

Let Λ be the distribution of X , which is a probability measure on the path space

W :=


∞−
i=1

xi1[ti,∞) : i ∈ N, xi ∈ Rd
\ {0}, 0 ≤ ti ↑ ∞ as i ↑ ∞


equipped with the σ -algebra induced by {w → wt : t ≥ 0}.

According to Wu (2000) (see also Deng and Wang (2010)),

F = F̃ Λ-a.e. implies that F(w + x1[t,∞)) = F̃(w + x1[t,∞))

for (Λ × ν × dt)-a.e. (w, x, t) ∈ W × Rd
× [0, ∞). (1)
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Then the quadric form

E (F ,G) :=

∫
W×Rd×[0,∞)


F(w + x1[t,∞)) − F(w)

 
G(w + x1[t,∞)) − G(w)


Λ(dw)ν(dx)dt

is well-defined on

D(E ) := {F ∈ L2(Λ) : E (F , F) < ∞};

that is, the value of E (F ,G) does not depend on Λ-versions of F and G.
It is known that the Boltzmann–Shannon (for short: B–S) entropy of a nonnegative measurable function F w.r.t. the

probability measure Λ is defined as

EntΛ(F) = Λ(F log F) − Λ(F) logΛ(F),

where 0 log 0 is understood as limx↓0 x log x = 0. B–S entropy appears inmany areas of science, especially in physics. Suppose
that D(E ) = {F ∈ D(E ) : F ≥ 0, E (F , log F) < ∞}.

Theorem 1.1. We have

EntΛ(F) ≤ E (F , log F), F ∈ D(E ).

The above inequality, called the L1 log-Sobolev inequality or relative entropy inequality, was established in Proposition
4.1 of Wu (2000) by exploring the martingale representation (the counterpart on Poisson space of the Clark–Ocône formula
over Wiener space). More precisely, it was proved in Wu (2000) that

EntΛ(F) ≤

∫
W×Rd×[0,∞)


F(w + x1[t,∞))


log F(w + x1[t,∞)) − log F(w)


−


F(w + x1[t,∞)) − F(w)


Λ(dw)ν(dx)dt

≤ E (F , log F), F ∈ D(E ),

where the second inequality is due to the elementary inequality

a(log a − log b) − (a − b) ≤ (a − b)(log a − log b), a, b ≥ 0.

The purpose of this note is to give a new proof of the L1 log-Sobolev inequality for (E , D(E )). The proof relies only on
semigroup calculus, the Markov property and the induction argument. Therefore, our proof is more elementary since it
avoids the use of the martingale representation on Poisson spaces and the Itô formula for jump processes. We remark that
the idea of our proof is essentially due to Wang and Yuan (2010).

The remainder of the note is organized as follows. In Section 2, we present the elementary proof of Theorem 1.1. Finally,
we investigate the weak Poincaré inequality for weighted Dirichlet forms in Section 3.

2. The elementary proof of Theorem 1.1

Weshall adopt an induction argument as inWang andYuan (2010). By themonotone class theoremand an approximation
argument, we shall assume that

F(w) = f (wt1 , . . . , wtn)

for 0 = t0 < t1 < · · · < tn and some f ∈ Cb

(Rd)n


with 0 < inf f ≤ sup f < ∞, n ∈ N. Then the desired L1 log-Sobolev

inequality follows from

Ez 
f (Xt1 , . . . , Xtn) log f (Xt1 , . . . , Xtn)


− Ez f (Xt1 , . . . , Xtn) logEz f (Xt1 , . . . , Xtn)

≤

n−
i=1

(ti − ti−1)Ez
∫

Rd


f (Xt1 , . . . , Xti−1 , Xti + x, . . . , Xtn + x) − f (Xt1 , . . . , Xtn)


× log

f (Xt1 , . . . , Xti−1 , Xti + x, . . . , Xtn + x)
f (Xt1 , . . . , Xtn)

ν(dx), z ∈ Rd, (2)

whereEz is the expectation taken for the Poisson point process starting at point z. We shall prove this inequality by iterating
in n.

(a) Suppose that n = 1 and t1 = t > 0. Then (2) reduces to

Ez [f (Xt) log f (Xt)] − Ez f (Xt) logEz f (Xt) ≤ tEz
∫

Rd
[f (Xt + x) − f (Xt)] log

f (Xt + x)
f (Xt)

ν(dx). (3)
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