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1. Introduction

Consider a Poisson point process X = {X; : t > 0} on R¢ with Xy, = 0 and the Lévy measure v, which satisfies v({0}) = 0
and

/ (1zI* A 1) v(d2) < oo.
Rrd

Let A be the distribution of X, which is a probability measure on the path space

o0
W= Z"ﬂ[mo)iiEN,XfeRd\{O},OStiTooasmoo

i=1
equipped with the o -algebra induced by {w — w; : t > 0}.
According to Wu (2000) (see also Deng and Wang (2010)),
F=F A-ae. implies that F(w + X1, o0)) = Fw+ X1it.00))
for (A x v x dt)-a.e. (w,x,t) € W x RY x [0, 00). (1)
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Then the quadric form
&(F,G) == / ) [F(w + X1jt.00) — F)] [G(w + XTjt.00)) — G(w) ] A(dw)v(dx)dt
WxRY%x[0,00)

is well-defined on
2(8) .= {F € [*(A) : &F, F) < oo};

that is, the value of & (F, G) does not depend on A-versions of F and G.
It is known that the Boltzmann-Shannon (for short: B-S) entropy of a nonnegative measurable function F w.r.t. the
probability measure A is defined as

Ent, (F) = A(F logF) — A(F)log A(F),

where 0log 0is understood as limy o x log x = 0.B-S entropy appears in many areas of science, especially in physics. Suppose
that

7(&) ={F € 9(&) : F > 0, &(F, logF) < 00}.

Theorem 1.1. We have

Ent,(F) < &(F,logF), F € 2(&).

The above inequality, called the L! log-Sobolev inequality or relative entropy inequality, was established in Proposition
4.1 of Wu (2000) by exploring the martingale representation (the counterpart on Poisson space of the Clark-Ocone formula
over Wiener space). More precisely, it was proved in Wu (2000) that

Ent,(F) < / {F(w + x11¢,00)) [log F(w + X1j¢,00)) — log F(w)]
W><IR‘1><[O,<>0)

— [F(w + X1j,00) — F(w)]} A(dw)v(dx)dt
< &(F,logF), Fe 9(¢),
where the second inequality is due to the elementary inequality
a(loga —logb) — (a—b) < (a— b)(loga — logb), a,b > 0.

The purpose of this note is to give a new proof of the L! log-Sobolev inequality for (£, 2(&)). The proof relies only on
semigroup calculus, the Markov property and the induction argument. Therefore, our proof is more elementary since it
avoids the use of the martingale representation on Poisson spaces and the It6 formula for jump processes. We remark that
the idea of our proof is essentially due to Wang and Yuan (2010).

The remainder of the note is organized as follows. In Section 2, we present the elementary proof of Theorem 1.1. Finally,
we investigate the weak Poincaré inequality for weighted Dirichlet forms in Section 3.

2. The elementary proof of Theorem 1.1

We shall adopt an induction argument as in Wang and Yuan (2010). By the monotone class theorem and an approximation
argument, we shall assume that

F(w) = f(we, .., wy,)

forO0=1ty <t; <--- < tyand somef € G, (R)") with 0 < inff < supf < oo, n € N. Then the desired L' log-Sobolev
inequality follows from

E [f Xeys ooy Xe) 108F KXoy oo X)) | — B f Ky - o Xe) 10G P (X - -+, Xey)
n
=< Z(fi — ti_1)E /d [f(Xt17 e Xy s X X Xy ) = (X, ,th)]
i=1 R

ogf(xtl""’xtifl’xfi +X,...,th +X)
[y, Xey)

where [ is the expectation taken for the Poisson point process starting at point z. We shall prove this inequality by iterating
inn.
(a) Suppose thatn = 1and t; = t > 0. Then (2) reduces to

x 1 v(dx), zeRY, (2)

f(XHrX)V

dx). 3
00 (dx) (3)

E* [f (X¢) log f (X)] — E*f (X¢) log E°f (X;) < tE* /d [fXe +x) — f(X)]log
R
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