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a b s t r a c t

In this paper, we study the Berry–Esseen bound of the distribution of the maximum
likelihood estimation in some inhomogeneous diffusions.We prove that it converges to the
normal distribution with an error rate O((− log

 T
t σ

2(s)ds)−
1
2 ). Moreover, the obtained

Berry–Esseen bound can be applied to study the precise asymptotics in the law of iterated
logarithm for the maximum likelihood estimation.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

We consider the following time inhomogeneous diffusion process

dX (α)t = αb(t)X (α)t dt + σ(t)dWt , X (α)0 = 0, t ∈ [0, T ), (1.1)
where W is a standard Brownian motion and the parameter α ∈ R is unknown, b : [0, T ) → R \ {0} and σ : [0, T ) →

(0,+∞) are continuously differentiable functions. We denote by Pα the probability distribution of the solution of (1.1) on
C([0, T ),R). It is well known that the Hull–White model (1.1) has many applications in practical problems; see, e.g., the
book of Bishwal (2007) and the paper of Mishra and Prakasa Rao (1985b).

In Barczy and Pap (2010, 2011), it has been obtained that themaximum likelihood estimator ofα based on the observation
of {Xs, 0 ≤ s ≤ t} under Pα is given by

α̂t =

 t
0

b(s)
σ 2(s)

X (α)s dX (α)s t
0

b2(s)
σ 2(s)


X (α)s

2
ds

= α +

 t
0

b(s)
σ (s)X

(α)
s dWs t

0
b2(s)
σ 2(s)

(X (α)s )2ds
, t ∈ (0, T ). (1.2)

✩ Research supported by Scientific Research Fund of Central South University for Nationalities (YZZ09005), National Natural Science Foundation of China
(10926131), and Fundamental Research Funds for Nanjing University of Aeronautics and Astronautics (NS2010189).
∗ Corresponding author.

E-mail addresses:wbb1818@126.com (B. Wang), huijiang@nuaa.edu.cn (H. Jiang).

0167-7152/$ – see front matter© 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.spl.2011.04.002

http://dx.doi.org/10.1016/j.spl.2011.04.002
http://www.elsevier.com/locate/stapro
http://www.elsevier.com/locate/stapro
mailto:wbb1818@126.com
mailto:huijiang@nuaa.edu.cn
http://dx.doi.org/10.1016/j.spl.2011.04.002


922 B. Wang et al. / Statistics and Probability Letters 81 (2011) 921–929

For the classical Ornstein–Uhlenbeck process, by the squeezing technique due to Pfanzagl (1971) and Bishwal (2000) the
Berry–Esseen bound of the maximum likelihood estimator is O(T−

1
2 ). For further references, one can see Bose (1986) and

Mishra and Prakasa Rao (1985a).
For the time inhomogeneous diffusion process (1.1), Barczy and Pap (2010, 2011) have obtained the different asymptotic

behavior of α̂t . Moreover, Jiang (2009) studied the moderate deviations for this estimator. In this paper, we aim to derive
the Berry–Esseen bound of α̂t . Furthermore, we can apply the Berry–Esseen bound to consider the precise asymptotics in
the law of iterated logarithm (LIL) for α̂t .

Our main result is the following theorem.

Theorem 1.1. Suppose

sign(α − K) = signK , K ≠ 0 (1.3)

and ∫ T

0
σ 2(t)dt < +∞, b(t) =

σ 2(t)

−2K
 T
t σ

2(s)ds
. (1.4)

Then

sup
x∈R

P


log
 T
t σ

2(s)ds
4K(K − α)

 1
2

(α̂t − α) ≤ x


− Φ(x)

 = O


− log

∫ T

t
σ 2(s)ds

−
1
2

,

whereΦ(x) is the standard normal distribution function. �

Remark 1.1. As t ↑ T , we can see that (− log
 T
t σ

2(s)ds)
1
2 ↑ +∞.

2. Berry–Esseen bound

Throughout the paper, C denotes a generic positive constant (perhaps depending on α, but not on anything else). It is
easy to see that the Eq. (1.1) has a unique strong solution

X (α)t =

∫ t

0
σ(s)eα

 t
s b(u)dudWs, t ∈ [0, T ). (2.1)

By simple calculation, we can obtain the following result from Theorem 2.2 in Barczy and Pap (2011).

Lemma 2.1. For z1, z2 ∈ C, let

φt(z1, z2) = E exp


z1

∫ t

0

b2(s)
σ 2(s)

(X (α)s )2ds + z2(X
(α)
t )2


.

Then φt(z1, z2) exists for |zi| < δ, i = 1, 2 for some δ > 0 and

φt(z1, z2) = e
K−α
4K log

 T
t σ2(s)ds T
0 σ2(s)ds


2γ

φ̂t(z1, z2)+ φ̄t(z1, z2)

 1
2

,

where

φ̂t(z1, z2) =


γ + α − K − 4Kz2

∫ T

t
σ 2(s)ds


e
−
γ
2K log

 T
t σ2(s)ds T
0 σ2(s)ds ,

φ̄t(z1, z2) =


γ − (α − K)+ 4Kz2
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e
γ
2K log
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with γ =

(α − K)2 − 2z1 and we always choose the principal branch of the square root. �

Lemma 2.2. (a) Let

Gt,x :=


4K(K − α)

log
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t σ

2(s)ds

 1
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