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1. Introduction

It is well known that for irreducible recurrent Markov chains, discrete or continuous in time, on a countable,
possibly infinite state space 4§ there exists an invariant measure ¥ = (v;);cs, Which is unique up to a multiplicative
constant. Furthermore, denoting irreducible discrete-time and continuous-time Markov chains on 8 by (Y;)nen and (X;)¢>o,
respectively, for functions f, f@ : 8 — Rwith ¢ [fV] < oo, ¥ |[f?| < oo,
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with probability 1, see Chung (1960, pp. 85-86, 203-209), where f(V, f@ written as functions in the usual way or
represented as column vectors, may be interpreted as cost or reward functions. This motivates to study conditions for the
finiteness of f = >_,_, ¥if (i) withf : 8 — R in the case of irreducible recurrent Markov chains. Both in discrete time
and in continuous time we consider ‘Foster-Lyapunov-type criteria’ involving generalized ‘drift conditions’. More precisely,
for discrete-time Markov chains (Y,)nen With transition probability matrix P = (pj); jes and a function g : 8 — R the drift
function dg : 8 — R is defined by

dg (i) = E[g(Ya) — g(Va_1)Ya_1 =il = Y _ pyg() — g(i), (2)

jes
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that is, when writing g and d, in the form of column vectors, d; = Pg — g. For continuous-time Markov chains (X;)¢>o with
generator matrix Q = (g;)ijes and a function g : § — R the drift function dg : 8 — R is defined by

) d . )
dy (i) = — ElgX) X =] = D a58() (3)
jes
that is, when writing g and d, in the form of column vectors, d; = Qg. In both cases, dg (i) is the (generalized) drift in state i
with respect to g.

Theorem 1. Let (Y,)nen be an irreducible discrete-time Markov chain with transition probability matrix P = (pj)ijes, € C 4
finite, and let f, g : 8 — Rx( meet the conditions

(C1) Vies\C: dgs() < —f(),

(C2) Vie C: dg(i) < oo,

(C3) Vr<oo: |{ies: g@i) <r}| < oo

Then (Yp)nen is recurrent and for any invariant measure V¥, ¥f < oo.

Theorem 2. Let (X;):>o be an irreducible continuous-time Markov chain with generator matrix Q = (q;)i jes, C C 4 finite, and
let f,g : 8 — Rso meet the conditions (C1)-(C3). Then Q is regular (it uniquely defines (X;);>o, the Feller process of Q), and
(Xt)r>o0 is recurrent and for any invariant measure ¥, ¥f < oo.

Note that the special case of Theorem 1 for f (i) = 1 is a famous criterion for positive recurrence of discrete-time Markov
chains. With |@| = 1 it is due to Foster (1953), in the slightly more general case of arbitrary finite € it was proven by Pakes
(1969). A similar result is given by Theorem 14.0.1 in Meyn and Tweedie (1993), where (C1),(C2) and f > 1 are proved to be
sufficient for f-ergodicity, that is positive recurrence and 7f < oo for the invariant distribution 7z. Comparing Theorem 1
with this result, we have to emphasize that Theorem 1 only requires nonnegativity of f, thatisf > 0, whereas Theorem 14.0.1
in Meyn and Tweedie (1993) requires f > 1. Hence, Theorem 1 poses a weaker condition on f. This has two important
consequences:

e Theorem 1 does not guarantee positive recurrence. For instance, let § = N, p; i1 = pii-1 = % fori > 1,f = 0and
g(i) = i.Then d, (i) = O fori > 1, and hence, conditions (C1)-(C3) are met, but obviously, we have null recurrence.

e (C3) cannot be omitted: Let P be an arbitrary irreducible transition probability matrix, and choose g = 1. Then dj (i)
converges for all i € 8 with dg(i) = 0. Hence, (C1) and (C2) are met with f = 0. Since P can be transient, Theorem 1
would not be true without condition (C3).

Likewise, the special case of Theorem 2 for f(i) = 1 is a famous criterion for regularity and positive recurrence of
continuous-time Markov chains, which is due to Theorem 2.3 in Tweedie (1975). Appropriate functions g as in the theorems
are often called Lyapunov functions, the conditions in the theorems are also referred to as Foster-Lyapunov-type criteria
and those on d; as (generalized) drift conditions.

The recurrence of (Y,)nen follows from Theorem 3.3 in Tweedie (1975), so that an invariant measure 1 exists. Hence,
it remains to prove the finiteness of ¥ f. In principle, one may deduce it from Tweedie (1983, 1988), where discrete-time
Markov processes on general state spaces are considered, but we shall provide an alternative instructive proof specifically
for countable state spaces in the course of which we derive auxiliary results that are of interest in themselves. Then we
prove Theorem 2 via the embedded jump chain.

2. Proof of Theorem 1

First note that when proving positive recurrence, one can exploit the fact that lim,_, pl(j") > Oforsomej € 4 is sufficient

n

for positive recurrence, where p,.(j ) denotes the n-step transition probability from state i to state j, but for proving Theorem 1

with general nonnegative f we cannot use this approach, because even in the case of positive recurrence, where lim,_, p,-(j")
exists and is positive for all i,j € 4, it is not guaranteed that i f is finite. Alternatively, from Tweedie (1983, Theorem 1),
where conditions for the existence of moments with respect to the unique stationary distribution of a discrete-time Markov
chain with general state space are given, one may deduce the special case of countable state spaces and then extend it to
our case of arbitrary invariant measures.

Instead, we will exploit an interpretation of g as follows. For positive recurrence, f (i) = 1, an appropriate function g is
given by g(j) = hj e = E[te|Yo = j] where 7 is the first passage time to the set € and thus h; ¢ is the mean first passage
time from j to G, see Theorem 3.2 in Tweedie (1975). Furthermore, any function g satisfying the conditions of Theorem 1
for f (i) = 1yields upper bounds for the mean first passage times hj ¢ < g(j). Thus, h; ¢ is finite for every j € § and (Yn)nen
is positive recurrent. Such an approach for proving Foster-Lyapunov-criteria can for example be found in Breuer and Baum
(2005, pp. 30-31). We will appropriately generalize this proof technique. The main idea consists in replacing te by

e—1
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