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intuition is wrong. Adding data may worsen the quality of parameter estimates, and in
fact may even cause a design sequence to lose strong consistency.
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1. Introduction and meotivation

Consider a linear model of the form
ye=x09 +e, (teN), (m

where y; € R is a response variable (sometimes called observation, output, or measurement), x, € R¢ an explanatory
variable (sometimes called input or design variable), ¢; a zero-mean random variable denoting a disturbance term or
measurement error, and 6® € R? an unknown parameter; with v’ we denote the transpose of a vector v. It is common
practice to estimate the value of the unknown parameter 8¥) by least-squares linear regression: given input variables
X1, ..., X; and observations y1, ..., J:, this estimate is defined as é[ = arg mMingpd Zf;l(yi — xiTG)z.

In many applications, notably control problems, the design variables x; are not given a priori, but have to be determined
by a decision maker. An important question is how (x;);cy should be chosen such that ét is strongly consistent, meaning
that §, converges a.s. to 6© as t grows large.

Lai et al. (1979) establish strong consistency of ét under the condition

. -1
lim Zx,-xir =0, (2)
i=1

t—o0

when the design sequence (x;);cy is deterministic, the disturbance terms (¢;);cy form a martingale difference sequence
with respect to a filtration {#;};cn, and sup;cy E[et2 | F—1] < oo. In addition, they show that (2) is necessary for strong

consistency if the error terms (€; )<y are i.i.d. and Zle x,-xiT is invertible for some t € N.
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If the design is not deterministic, (2) is not strong enough to guarantee strong consistency. Lai and Wei (1982) show that

if x, is #;_;-measurable for all t € N, and sup, .y E[|&;[>*? | Fi_1] < oo a.s. for some 8 > 0, then 6, converges a.s. to 6 if
(2) holds a.s. and

t
)‘-min (Z XinT)
lim =l

t—00 t T
log [ Amax [ X Xix;
i=1

where Anmin(A), Amax(A) denote the smallest and the largest eigenvalue of a symmetric matrix A. They also give an example
where strong consistency does not hold, and where the left-hand side of (3) converges a.s. to a random variable. This implies
that for designs (x;):cn that satisfy (2) but violate (3) strong consistency can in general only be concluded if the design is
deterministic.

Now, suppose a design (x;)¢cy is predictable w.r.t. {#; };cn (i.€. X; is Fr_1-measurable for all t € N), and (x;);cy contains
a deterministic subsequence (X)jen such that

. -1

J
lim Xp X" =0. 4
i (30%) z

Intuitively one might expect that adding data can never worsen the quality of a least-squares estimate. Since the least-
squares estimate that only uses data (x;;, y;,)jen is strongly consistent, this would imply that the estimate 6; based on all
data (X, ¥¢)ren is strongly consistent as well. In general, this would imply that strong consistency follows if (2) is satisfied
on a deterministic subsequence of the design sequence. These considerations motivate us to study the question whether
indeed adding data can never worsen the quality of @t.

A second motivation comes from sequential decision problems under uncertainty, where a decision maker simultane-
ously has to estimate unknown parameters and maximize a reward function that depends on these parameters. Broder and
Rusmevichientong (2012) and den Boer and Zwart (submitted for publication) are examples from the dynamic pricing liter-
ature that study such problems: the decisions x;, = (1, p;)" € R? correspond to selling prices p; that have to be determined
by a firm, the output y, corresponds to observed demand in time period t € N, and the objective of the firm is to maximize
the cumulative expected revenue ZL] E[y:p:]inT time periods. The challenge in these problems is that each selling price p;
does not only influence the immediately earned revenue, but also the quality of future parameter estimates which influence
the revenues earned in the future. Broder and Rusmevichientong (2012) analyze a pricing policy (called “MLE-CYCLE”) in
which estimates are formed based on a deterministic design sequence. They show numerically that a similar pricing policy
(called “MLE-CYCLE-S”) that uses all available data to form estimates has a better performance, but they do not provide a
mathematical justification. Their numerical results nevertheless seem to confirm the intuition that adding data can only be
beneficial.

In this brief paper we show that this intuition is not true. We consider the linear model (1), and measure the quality of
the least-squares estimate ét by E [||ét — 0@ |2]. In Proposition 1, Section 2, we provide a sufficient condition on x,,; such
that

=00 as., (3)

Elll6i41 — 0121 > E[16, — 0%

We illustrate the condition for the simple, widely used linear model y; = 9(50) + 91(0)2[ + €.

Proposition 2, Section 3, shows that the deterioration of parameter estimates caused by adding data can, in a qualitative
sense, be quite bad: we provide an example of a design sequence for which the corresponding sequence of least-squares
estimators is strongly consistent, and show that this design sequence can be augmented by extra data points such that the
resulting sequence of least-squares estimators is not strongly consistent anymore.

2. Increasing expected estimation error by adding data

Consider the regression model (1). Assume that the error terms (¢&;);cy form a martingale difference sequence w.r.t. a
filtration {F; }¢en,
. 2
infE [e1 1 F] >0 as.,

and suppose x; is F;_-measurable, forall t € N.
The least-squares linear regression estimate 6, of 6®, based on (x;, Yi)1<i<t, 1S equal to

t
0, = arg min Z(y,- —x'9)2.
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