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1. Notations and preliminaries

Let (£2, X, P) be a complete probability space and f a measurable function defined on £2. The decreasing rearrangement
of f is the function f* defined by

f*(t) =inf{s > 0: P(|f| >s) <t}, Vt=>O0.

We adopt the convention inf@ = oo. The Lorentz space L, 4(£2) = Ly 4,0 < p < 00,0 < g < oo, consists of those
measurable functions f with finite quasinorm ||f||, 4 given by

%) dt 1/q
||f||pq = (g/ [tl/pf*(t)]q*> , 0<qg<oo,
P Jo t

Ifllp.co = Suopt””f*(t), q = oo.
t>

It will be convenient for us to use an equivalent definition of ||f ||, 4, namely

00 dt 1/q
Ifllp.g = (Qf [tP(If ()] > t)l/p]qT) , 0<q<oo,
0
Ifllp.co = sup tP(f )| > )P, g =o0.

To check that these two expressions are the same, simply make the substitution s = P(|f(x)| > t) and then integrate by
parts. We also adopt the notation L, oo = wL,. For all these properties on Lorentz spaces, see for example Hunt (1966) or
Bennett and Sharply (1988).
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Let { £ }n>0 be a non-decreasing sequence of sub-o-fields of ¥ such that ¥ = \/ X,,. We denote the expectation operator
and the conditional expectation operator relative to X, by E and E,, respectively. For a martingale f = (f;)n>0, we define
Anf = fuo — fu—1,n > 0 (with conventionf_; = 0, ¥_; = {§2, @}) and adopt the notions of conditional square function:

n 1/2 00
sa(f) = (Z Ef1|AJ|2> .S = (Z EnllAan)
i=0 n=0

As usual, we define Lorentz martingale spaces H;.q (see Weisz (1994)),

H g = U = Gdnso t Ifllg, = IS0 llp.g < 00}

Remark. If put p = g, we get usual martingale Hardy space H; (see Long (1993)).

The idea of atomic decomposition in martingale theory is derived from harmonic analysis. Just as it does in harmonic
analysis, the method is a key ingredient in dealing with many problems including martingale inequalities, duality,
interpolation and so on. Weisz (1994) gave some atomic decomposition on martingale Hardy spaces and proved many
important theorems by atomic decomposition; Weisz (1998) made a further study of atomic decompositions for weak
Hardy spaces consisting of Vilenkin martingale, and proved a weak version of the Hardy-Littlewood inequality by using
atomic decomposition; Hou and Ren (2007) considered the vector-valued weak atomic decompositions and weak martingale
inequalities; Jiao et al. (2007) discussed the operator interpolation by atomic decompositions of weighted martingale Hardy
spaces. In this paper we present an atomic decomposition theorem for Lorentz martingale spaces H, ;. By the atomic
decomposition, we investigate the weak type inequalities for a sublinear operator defined on Lorentz martingale space
H; .- We start by the definition of atom.

1/2

Definition (Weisz, 1994). A measurable function a is called a (1, p, co)-atom if there exists a stopping time t such that
(i)a, =E,a=0,Vn<r,

(ii) 15(0) | oo < P(T < 00) 7.

Throughout the paper, we denote the set of integers and the set of non-negative integers by Z and N, respectively. We
write A < Bif A < ¢B for some positive constant ¢ independent of appropriate quantities involved in the expressions A
and B.

2. Atomic decomposition
Now we can present the atomic decomposition.

Theorem 1. If the martingale f € H;‘q, 0 < p < 00,0 < q < oo then there exist a sequence (a) of (1, p, co)-atoms and a
real number sequence () € l; such that

fo=) mdaf, VneN
kez

and

bty = 1F g,

Proof. Assume thatf € H;‘q. Now considering the following stopping time for all k € Z:

7. = inf{n € N : sp01(f) > 2X}(inf¢p = 00).

The sequence of these stopping times is obviously non-decreasing. It easy to see that

Z(f;k+1 - = Z (Z X{msrkﬂ}Amf - ZX{m<T/<}A"J>
m=0

kez kez \m=0

n
= Z ( X{rk<m§rk+1}Amf> =fn-
m=0

kez

Let
1
k= 2"3P (1 < 00)?,
and

T
flert _ Tk
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