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Abstract

If X�Nn�kðM; In � SÞ, then S ¼ X 0X has the noncentral Wishart distribution W 0
kðn;S;LÞ, where L ¼M 0M. Here S is

allowed to be singular. It is well known that if L ¼ 0, then S has a (central) Wishart distribution and S is positive definite

with probability 1 if and only if nXk and S is positive definite. We show that if S has a noncentral Wishart distribution,

then S is positive definite with probability 1 if and only if nXk and Sþ L is positive definite. This is a consequence of the

main result that rankX ¼ minðn; rankðSþ LÞÞ with probability 1.
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1. Introduction

It is well known that if S�W kðn;SÞ, then S is positive definite with probability 1 if and only if nXk and S is
positive definite, see, for example, Muirhead (1982), Theorem 3.1.4 and Eaton (1983), Proposition 8.2. The
proof of this result goes back to Dijkstra (1970). In case S follows a noncentral Wishart distribution, S is also
positive definite if nXk, see Muirhead (1982), page 442 and Eaton (1983) states in page 317 that S is positive
definite with probability 1 if and only if nXk and S is positive definite. Eaton and Perlman (1973) study the
non-singularity of (generalized) sample covariance matrices in great detail. To the best of our knowledge, the
literature thus gives the following result: if S is positive definite, then S is positive definite with probability 1 if
and only if nXk. We focus on noncentral singular Wishart distributions and drop the condition that S is
positive definite. For the (central) singular Wishart distribution in particular, reference can be made to Uhlig
(1994) and Srivastava (2003).

In Section 2 we start with some basic notation. In Section 3 we prove a theorem on the rank of
X�Nn�kðM ; In � SÞ, which is the basis for our main result on the positive definiteness of the noncentral
Wishart matrix S. We present and prove this result in Section 4.
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2. Notation

If the random k � 1 vector X�Nkðm;SÞ, where m 2 Rk and S is a positive semi-definite symmetric k � k

matrix, then we say that X follows a multivariate normal distribution with mean m and covariance matrix S.
We allow S to be singular, which includes the possibility that X lies in an affine subspace with probability 1. In
the above notation, the distribution of X is degenerated if korankS.

When studying Wishart distributions, notational comfort is provided by using random matrices whose elements
are multivariate normally distributed. The random n� k matrix X follows the Nn�kðM;OÞ distribution if

vecX 0�NnkðvecM 0;OÞ,

where M ¼ EX is an n� k matrix and O is the nk � nk covariance matrix of vecX 0. If the rows X 1; . . . ;X n of the
random n� k matrix X ¼ ðX 1; . . . ;X nÞ

0 are independently distributed as Nkðmi;SÞ, then

X�Nn�kðM ; In � SÞ,

where M ¼ ðm1; . . . ;mnÞ
0.

Definition 1. Let X�Nn�kðM ; In � SÞ, then S ¼ X 0X has the noncentral Wishart distribution of dimension k,
degrees of freedom n, covariance matrix S and noncentrality matrix L ¼M 0M. This distribution is denoted by
W 0

kðn;S;LÞ. If M ¼ 0, then S has the Wishart distribution, denoted by W kðn;SÞ.

3. The rank of a normally distributed matrix

Frequently we assume that we have n independent k-variate normal observations assembled in a matrix X,
denoted as X�Nn�kðM; In � SÞ, where S is positive semi-definite. Usually, the number of observations n will
be larger than k, but we will not adopt this assumption, see also Srivastava (2003). If the rank of S is known,
what can be said about the rank of X? The answer is given in the following theorem.

Theorem 1. If X�Nn�kðM; In � SÞ, then

rankX ¼ minðn; rankðSþM 0MÞÞ

with probability 1.

Before we prove Theorem 1 we want to emphasize the importance of this theorem. In the one-dimensional
case, where X�Nðm;s2Þ, we know that Xa0 with probability 1 either if ma0, or if s240. Or, stated
otherwise, Xa0 with probability 1 if and only if s2 þ m240, which corresponds with Theorem 1. Theorem 1
shows that, even if rankSok, the rank of X can still be equal to k, as long as the matrix of expectations M is
such that rankðSþM 0MÞ ¼ k, provided nXk.

The proof of this theorem is divided into a couple of lemmas. We use the notation of Section 2. In Lemma 1 we
first consider the case rankS ¼ k. The proof of this lemma can be found in Srivastava and Khatri (1979, p. 73).

Lemma 1. If X�Nn�kðM; In � SÞ, where rankS ¼ k, then rankX ¼ minðn; kÞ with probability 1.

Lemma 2. Let Y�Nn�rðM1; In � OÞ with rankO ¼ r, let M2 be an n� s matrix of rank s, and let X ¼ ðY ;M2Þ.
Then rankX ¼ minðn; rþ sÞ with probability 1.

Proof. Note that the case s ¼ 0 is covered by Lemma 1. So, we may assume s40. Obviously spn.

(i) Assume npr. According to Lemma 1 we have

1 ¼ PfrankY ¼ ng ¼ PfrankðY ;M2Þ ¼ ng ¼ PfrankX ¼ ng.

(ii) Assume ronprþ s. Let M2 ¼ ðmrþ1; . . . ;mrþsÞ. Define Z ¼ XA, where the ðrþ sÞ � ðrþ sÞ matrix

A ¼
O�1=2 0

0 Is
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