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Abstract

This paper presents several statistics appearing in multiple comparisons of heteroscedastic multivariate populations. Due to the
very slow convergence of these statistics to their limiting distributions, the large sample Bonferroni or DL-based procedures reveal
poor coverage probabilities even in the normal case. Thus, the second-order asymptotic expansions with estimated cumulants are
applied to improve their coverage probabilities. A large simulation study illustrates the performance of the second-order corrected
procedures.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Given g(> 2) levels, let Xl.(“) = (Xg’;), e X;‘;))’ be the ith observation on the ath level, and assume the linear
model (one-way layout model)

X9 =09 4U”, a=1,....,q;i=1,...,N, (1)

where Ul.(“)’s are (unobservable) independent p x 1 random vectors with mean zero vector and positive definite

.....

Ny X'(a) _

the model (1), the least squares estimates of the #(“)’s are given by the sample mean vector X9 =n e X

(75@)/:1 ..... pra=1,...,q.Let ng) = (Ng—D7! Z,N:al(Xi(a) —)_((a))(Xi(a) —X(a))',a =1,...,q,denote the sample

covariance matrix for the ath level based on N, observations. We will use the same notation for the (unobservable)
sample Ul.(“),i =1,...,N,.

We consider multiple comparisons among mean vectors of multivariate populations, especially, comparisons with
a control (the gth level is now regarded as a control) and all pairwise comparisons. That is, we aim at constructing
simultaneous confidence intervals of (I) £(0@ —0@), £ e R” — {0}, a = 1,...,q — 1, and (1) £ (0 — 9?®),
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L eRP —{0},a,b=1,...,q;a < b. This problem is a nonnormal and heteroscedastic extension of Roy and Bose
(1953, (4.3.1)) and Siotani (1960, (12) and (13)), who originally considered the normal and homogeneous covariance
matrix case.

Throughout this paper, G, (-) denotes the distribution function of the central chi-square distribution with v degrees
of freedom; Xf, whose density function and upper 100« % point are g, (-) and X\%,a’ respectively.

2. Background
2.1. Bonferroni-based solution

We define the correlated Behrens—Fisher statistics

@ =0y (S SO\ e
Tipay=0O" =T NL+NLb wg” -U"), ab=1,...,q;a<b, )
a

by taking account of the multivariate Behrens—Fisher problem (e.g. Siotani et al. (1985, page 212)). In line with Siotani
(1960, (12) and (13)) under the homogeneous covariance matrix case, one may have

@ < @ @y )2
Pr[SCI;(A)] = Pr | £(0® — ) c /X —=X")+ A {‘/ <Ni + i) e}
a q

forall e R? — {0}, a=1,...,q—1

= Pr(T3p max1 < A% (3.0

for comparisons with a control and

@ =) g@ b 172
Pr[SCI(A)] = Pr | (0@ — @) c ¢ XY - X))+ A [e/ <NL + NL> e}
a b

forall e R? —{0},a,b=1,...,q;a <b

= Pr(T3p maxat < A% (3.10)

for all pairwise comparisons, respectively. But, the distributions of Té = maXg=1,. . q_l(TéF’ aq) and

F,max,I
Tl% Famaxll = max¥§a<b§q(T§ Fab)> he.nce., tables of their upper 100 % points Tl% F.max,1(@) and Tl% F.max,11(¢), are
not available even in the case of ¢ multivariate normal populations.

The usual Bonferroni procedure uses the upper bounds TI%F,BOH,I(a) and Té F.Bon1(®) for the percentiles

Tl% F.max,1(@) and T; F.max.11(@0) by equating the right-hand sides of the following Bonferroni inequalities to 1 — a;

gqg—1
Pr(T3p g < X) 2 1= Y Pr(Tp,, >x) and Pr(Tip o <x)=1— Y Pr(Tgp,, > ).

a=1 1<a<b=<q

However, the exact computation of each distribution function Pr(Tl% Fab = x) is also complicated even for the
multivariate normal population (see Nel et al. (1990)) and it is hopeless for the multivariate nonnormal populations.
Fortunately, if the N,’s are large, for possibly multivariate nonnormal populations, the central limit theorem and
Slutsky’s theorem state that the Behrens—Fisher statistic Tlg F.ap 18 asymptotically chi-squared with p degrees of
freedom. In Section 3, we use the asymptotic expansion formula (see Kakizawa and Iwashita (in press)) to see
the effect of the nonnormality upon an approximation Té F.Bon1(®) & XlzJ,oq and Té F.Bon (@) ~ X[%,cm’ where
ar=0a/(g —1)and an = a/{q(q — 1)/2}.
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