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1. Introduction

Let {X,, n > 1} be a sequence of random variables defined on a probability space (£2, ¥, P).Set S, = Z?zl Xiforn > 1.
We say that the sequence {X,, n > 1} satisfies the strong law of large numbers (SLLN) if

Sp — ES,
—  — 0 almost surely (a.s.). (1.1)
n
There are many SLLNs for independent random variables. Kolmogorov proved a SLLN under the condition
. Var(X,
yoYart) o (12)
n=1 n

Petrov (1969) obtained a SLLN under the condition

n2
Var(S,) =0 (—) for some ¢ € ¥, (1.3)
¥ (n)
where ¥, is the set of all functions v (x) such that v (x) is positive and nondecreasing in (xq, co) for some xo > 0 and
s 1
> < 0. (1.4)
& ny(n)
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The condition (1.3) is called Petrov’s condition. Since v (x) is positive and nondecreasing, (1.4) is equivalent to

> 1
Z — <00 forany o > 1. (1.5)
— (o)

Since {X,, n > 1} are independent, Var(S,) = Z};] Var(X;) and so it is easy to show that (1.3) implies (1.2).
Now we consider SLLNs for sequences of nonnegative random variables without independence. Etemadi (1983a) proved
in an elementary way the following SLLN for nonnegative random variables.

Theorem 1.1 (Etemadi, 1983a). Let {X,,n > 1} be a sequence of nonnegative random variables with finite second moments.
Suppose that the following conditions hold:

(i) sup;sq EX; < 00,

(ii) EXiX; < EX;EX; forallj > i,
(iil) Y2, Var(X;)/i2 < oo.
Then (S, — ESp)/n — O a.s.

Etemadi (1983b) also obtained a SLLN for weighted sums of nonnegative random variables.

Theorem 1.2 (Etemadi, 1983b). Let {X,,, n > 1} be a sequence of nonnegative random variables with finite second moments. Let
{wy, n > 1} be a sequence of positive numbers with w, /W, — 0 and W, — oo, where W,, = ZL wj for n > 1. Suppose that
the following conditions hold:
(i) sup; EX; < oo,
(i) 272 Yoiey wiwiCovt (Xi, X)) /W < oo.
Then Y, wi(X; — EX;)/W, — 0 as.

It is easy to show that Theorem 1.2 embraces Theorem 1.1 by letting w, = 1forn > 1. Extending the method of Etemadi

(1983a), Csorgo et al. (1983) proved an analogue of Kolmogorov’s SLLN for pairwise independent random variables. We can
write the result of Csorgé et al. (1983) as a SLLN for nonnegative random variables by observing their proof carefully.

Theorem 1.3 (Csorgé et al.,, 1983). Let {X,, n > 1} be a sequence of nonnegative random variables with finite second moments.
Suppose that the following conditions hold:

(i) supy>q ESp/n < oo,
(ii) EXX; < EX;EX; for allj > i,
(iii) Y_po, Var(X,)/n? < oo.
Then (S, — ES,)/n — O a.s.
The above theorem shows that the uniform boundedness of {EX,, n > 1} in Theorem 1.1 can be replaced by a weaker

condition of Cesaro uniform boundedness (i.e., sup;-4 Zf=1 EX;/n < 00).Chandra and Goswami (1992) proved a SLLN from
the arguments of Csorgo6 et al. (1983).

Theorem 1.4 (Chandra and Goswami, 1992). Let {X,, n > 1} be a sequence of nonnegative random variables with finite second
moments. Let {b,, n > 1} be a nondecreasing unbounded sequence of positive numbers. Suppose that the following conditions
hold:

(i) supps ESp/bn < 00,
(ii) there exists a double sequence {p;;} of nonnegative reals such that

n n
Var(S,) < ZZ,O,] foralln > 1,

i=1 j=1
(iii) D2, Z;O:O1 pfj/bﬁ'lax{i,j} < 00
Then (S, — ES,) /b, — O a.s.

Setting b, = nforn > 1, p; = Var(X;) fori > 1, and p; = 0 for i # j, Theorem 1.3 follows directly from Theorem 1.4.
Some SLLNSs for nonnegative random variables have been established under Petrov’s conditions. Petrov (2009) obtained
the following SLLN for nonnegative random variables satisfying some moment conditions.

Theorem 1.5 (Petrov, 2009). Let {X,, n > 1} be a sequence of nonnegative random variables satisfying Petrov’s condition (1.3)
and

E (S, —Snm) <C(n—m) forsufficiently largen — m, (1.6)

where C is a positive constant. Then (S, — ES,)/n — 0 a.s.
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