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Abstract

Let Xr be a jump Lévy process of intensity r which is close to the Wiener process if r is big. We study the behavior of

shifted small ball probability, namely, Pfsupt2½0;1�jXrðtÞ � lf ðtÞjprg under all possible relations between the parameters

r! 0, r!1, l!1. The shift function f is of bounded variation of its derivative.
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1. Problem statement

Let ðB½0; 1�; k � kÞ be the space of bounded functions on ½0; 1� endowed with the uniform norm. Introduce
the purely non-Gaussian Lévy process determined by the generating triplet ð0; g;LÞ (notations correspond to
Sato, 1999). By Lévy–Ito integral representation it is

xðtÞ ¼
Z t

0

Z
fj‘jp1g

‘Pðds;d‘Þ þ

Z t

0

Z
fj‘j41g

‘Pðds; d‘Þ þ gt,

where P is the Poisson measure on Rþ �Rnf0g associated to the deterministic measure Leb� L. By P we
denote the centering of P. In the sequel, by Z̄ we always denote the centering of a random element Z.

Additionally assume that the support, suppðLÞ, of the Lévy measure L is bounded and denote L:¼suppðLÞ.
This assumption, in particular, give us ExðtÞo1 and DxðtÞ ¼ t

R
L ‘2Lðd‘Þo1 for any t 2 ½0; 1�. Denote

s2:¼Dxð1Þ.
Introduce the centered normalized process of intensity r;r40

XrðtÞ:¼
x̄ðr tÞffiffiffi

r
p ; t 2 ½0; 1�.
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Since the variance of x is finite, the process belongs to the domain of attraction of the Wiener process, in

other words, the weak invariance principle holds Xr)
d
sW ;r!1.

Our goal is to investigate the behavior of shifted small ball probabilities for the process Xr, i.e., we study
PfkXr � lf korg as r! 0; l!1;r!1. We assume that the shift function f belongs to the space of
admissible shifts for the Wiener process, that is

E:¼ f 2 B½0; 1� j f ð0Þ ¼ 0; f 2 AC½0; 1�;

Z 1

0

f 0ðtÞ2 dto1
� �

,

where AC½0; 1� is the space of absolutely continuous functions on ½0; 1�.
In the sequel, we need the following notations. For any f 2 B½0; 1� put

jf j2E :¼

R 1
0

f 0ðtÞ2 dt; when f 2 E;

1; when feE;

(

this expression is often called energy of function f . By Bðf ; rÞ denote the ball of center f and radius r in
ðB½0; 1�; k � kÞ. We say that the maximal difference between the energy of f and the energy of any other function
in the ball Bðf ; rÞ is the energy saving in this ball and write

Df ðrÞ:¼jf j
2
E � inf

Bðf ;rÞ
jhj2E .

2. Main result

In the theorem below the shift function f obeys the condition Var f 0o1, though it is easy enough to obtain
similar results for any regular function from E (see Shmileva, 2004). Nevertheless, for arbitrary admissible
shift function the problem has not been solved.

Theorem 1. Suppose f 2 E has a version of its Lebesgue derivative f 0 such that f 0 is a function of bounded

variation ðVar f 0o1Þ. If the parameters l; r;r satisfy

(1) l!1, r!1, r=l! 0,
(2) r r2!1,
(3) r=l2!1,

then the following asymptotic estimates are true:

PfkXr � lf korgp exp �
l2

2s2
jf j2E �

p2s2

8r2
ð1þ oð1ÞÞ þ

lr

s2
ðjf 0ð1Þj þ Var f 0Þð1þ oð1ÞÞ þ

1

6s6
l3

r1=2
yf þ oð1Þ
� �� �

,

PfkXr � lf korgX exp �
l2

2s2
jf j2E �

p2s2

8r2ð1� dÞ2
ð1þ oð1ÞÞ

�

þ ð2d� 1Þ
lr

s2
ðjf 0ð1Þj þ Var f 0Þð1þ oð1ÞÞ þ

1

6s6
l3

r1=2
yf þ oð1Þ
� ��

,

where d 2 ½0; 1Þ is arbitrary and yf :¼
R
L ‘3Lðd‘Þ �

R 1
0 f 0

3
ðtÞdt.

3. History and comments

Let us compare Theorem 1 with previous results. The shifted small ball estimate of the Wiener process was
obtained by Grill (1991)

PfkW � lf korg ¼ exp �
l2

2
jf j2E �

p2

8r2
ð1þ oð1ÞÞ þR

� �
as l!1; r! 0,
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