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On the monotonicity of a function related to the local time
of a symmetric Lévy process
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Abstract

Let c be the characteristic exponent of a symmetric Lévy process X. The function

hðxÞ ¼
2

p

Z 1
0

1� cosðlxÞ

cðlÞ
dl

appears in various studies on the local time of X. We study monotonicity properties of the function h. In case when X is a

subordinate Brownian motion, we show that x 7!hð
ffiffiffi
x
p
Þ is a Bernstein function.
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1. Introduction

Let X be a symmetric Lévy process in R with the characteristic exponent c, i.e.,

EeilXt ¼ e�tcðlÞ.

Throughout this paper we assume that the point 0 is regular for itself, and that the characteristic exponent c
satisfies

Z 1
0

1

1þ cðlÞ
o1. (1)
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These two conditions guarantee that the process X admits a local time Lð0; tÞ at zero. Let Tx ¼ inffs40 :
X s ¼ xg be the hitting time to x 2 R, and let

hðxÞ:¼EðLð0;TxÞÞ.

Then by Lemma 11 in Chapter 5 of Bertoin (1996)

hðxÞ ¼
2

p

Z 1
0

1� cosðlxÞ

cðlÞ
dl. (2)

This function appears often in studies of the local time of Lévy processes. For instance, a monotone
rearrangement of this function was used in Barlow (1988) to formulate necessary and sufficient conditions for
the joint continuity of the local time. In his study on the most visited sites of X (Marcus, 2001), M.B. Marcus
assumed that the function h is strictly increasing on ½0;1Þ. This assumption on h is not always easy to check.
In Section 5 of Marcus (2001), Marcus showed that the so-called stable mixtures satisfy the assumption.

The purpose of this note is to better understand the monotonicity of the function h, and to provide more
examples of strictly increasing h. We also show that for subordinate Brownian motions, x 7!hð

ffiffiffi
x
p
Þ is, in fact, a

Bernstein function. Under a reasonable additional assumption, it is even a complete Bernstein function.
We start with a simple sufficient condition for h to be increasing. To this end we first rewrite the function h

in a different way. It follows from Theorems 16 and 19 in Chapter 2 of Bertoin (1996) that under the
assumptions stated in the first paragraph, the q-potential measure Uq of X has a density uq which is bounded
and continuous. From the proof of Lemma 11 in Chapter 5 of Bertoin (1996) we see that h defined by (2) may
be written as

hðxÞ ¼ 2 lim
q#0
ðuqð0Þ � uqðxÞÞ; x 2 R. (3)

Thus if we know that for any q40, the function uq is decreasing in ½0;1Þ, then the equation above
immediately gives us that h is increasing in ½0;1Þ. Using this fact and Theorem 54.2 of Sato (1999) we
immediately get the following:

Proposition 1.1. If the Lévy measure n of the process X is given by

nðdxÞ ¼ nðxÞdx,

for some even function n which is decreasing on ð0;1Þ, then h is increasing on ½0;1Þ.

Proof. It follows from Theorem 54.2 of Sato (1999) that when the Lévy measure n of the process X is given by

nðdxÞ ¼ nðxÞdx

for some even function n which is decreasing on ð0;1Þ, the distribution of X t is unimodal with mode 0 for
every t40. This implies that, for any q40, uq is a decreasing function on ½0;1Þ. Therefore, h is increasing on
½0;1Þ. &

2. Subordinate Brownian motion

In this section we first make a comment that a subordinate Brownian motion satisfies the condition of
Proposition 1.1, and then prove that a much stronger result than Proposition 1.1 holds in this case. Let us
begin by recalling relevant definitions.

Let T ¼ ðTt : tX0Þ be a subordinator with Laplace exponent f, that is,

Ee�lTt ¼ e�tf ðlÞ,

and let B ¼ ðBt : tX0Þ be a Brownian motion with generator d2=dx2. If B and T are independent, then the
process X t:¼BðTtÞ is called a subordinate Brownian motion with subordinator T. It is well known (see, for
instance, p. 197 of Sato, 1999) that the characteristic exponent of this subordinate Brownian motion satisfies
cðlÞ ¼ f ðl2Þ, that is,

EeilXt ¼ e�tf ðl2Þ.
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