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Abstract
We study large partial sums, localized with respect to the sums of variances, of a sequence of centered random variables.
An application is given to the distribution of prime factors of typical integers.
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MSC: 60G50; 11N25

Keywords: Sums of random variables; Prime divisors

1. Introduction
Consider random variables X1, X»,... with EX; = 0 and [EXf = 0,2. Let

Sy=Xi+-+X, sy=0i+ - +o,
and assume that (a) s, — o0 as n — oo.
Given a positive function fy >1+ 1 /N, we are interested in the behavior of

I =liminf max |[S,|/sy.
N=0o No2<Nfy

If we replace lim inf by lim sup, it immediately follows from the law of the iterated logarithm that / = oo
almost surely when £ is bounded. Our results answer a question originally raised, in oral form, by A. Sarkozy
and for which a partial answer had previously been given by the second author, see Chap. 3 of Oon (2005,
Chapter 3).
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2. Independent random variables

Assume that the X; are independent. Then [ES2 = s2. In addition to condition (a), we will work with two
other mild assumptlons (b) si+1/s;<1 when 5;>0 and (c) for every A>0, there is a constant ¢; >0 such that if
n is large enough and 52, >2s2, then

P(Sy — Sul = Asp) = ;.

Condition (b) says that no term in S,, dominates the others. Condition (c) follows if the central limit theorem
(CLT) holds for the sequence of S, since CLT for S, implies CLT for S,, — S,, as (m — n) — oo. For example,
(c) holds for i.i.d. random variables, under the Lindeberg condition

; 272,
Ve>0, lim Y EXG/s; 1 X]>es) = 0

1<j<n
and the stronger Lyapunov condition

35>0: Z E|X;1*+ = o(s>+9).

I<j<n
Condition (c) is weaker, however, than CLT.
Theorem 1. (i) Suppose (a), (b), and f, = (log N for some constant M >0. Then I <oo almost surely.

(i1) Suppose (a), (b), (c¢) and [y = (log NN with E(N) tending monotonically to oo. Then I = oo almost
surely.

Remark. In the first statement of the theorem we show in fact that almost surely 7/ <154/ M + l(maxS/. 08741/ sj)2 .

Lemma 2 (Kolmogorov’s inequality, 1929). We have
P(maxi <<kl Sj|=2s0)<1/2° (k=1).

Proof of Theorem 1. By (a) and (b), there is a constant D so that s, /s; <D for all large j. Define
h(n):=max{k:s; <n} (ne N*)

so that the conditions N <s2< Nfy and i(N)<n<h(Nf ) are equivalent.
We first consider the case when f:=(log N). Let

Ny=f"*, (=M + 1)(log )/ log2], H;=2"",
and
Uy=h(N)), U;;=h2'N;) (0<t<(j)), Vi=h(H;N;)= U

It is possible that U;,| = U;, for some t. Note that for large j, H; N,;NJN
Let k be a constant depending only on M and D. For j>1 define the events

= <

={ISv;I<sv;, b

Bl: ﬂ Bj” where Bj’t:: max |SU'+1 +1 Sn| ngU'+1 i (>
0<r<1(j)—1 (]_1*+1J\n<U+] +1 J+1, J+1,

Cf:={|SUj+1 - SVj|<2SUj+1}'

By (b) and the definition of A(N), we have

D'\ /2'N;<su,, <y/2'N; (1)
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