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Localized large sums of random variables
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Abstract

We study large partial sums, localized with respect to the sums of variances, of a sequence of centered random variables.

An application is given to the distribution of prime factors of typical integers.
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1. Introduction

Consider random variables X 1;X 2; . . . with EX j ¼ 0 and EX 2
j ¼ s2j . Let

Sn ¼ X 1 þ � � � þ X n; s2n ¼ s21 þ � � � þ s2n,

and assume that (a) sn !1 as n!1.
Given a positive function f NX1þ 1=N, we are interested in the behavior of

I ¼ lim inf
N!1

max
Nos2npNf N

jSnj=sn.

If we replace lim inf by lim sup, it immediately follows from the law of the iterated logarithm that I ¼ 1

almost surely when f N is bounded. Our results answer a question originally raised, in oral form, by A. Sárközy
and for which a partial answer had previously been given by the second author, see Chap. 3 of Oon (2005,
Chapter 3).
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2. Independent random variables

Assume that the X j are independent. Then ES2
n ¼ s2n. In addition to condition (a), we will work with two

other mild assumptions, (b) sjþ1=sj51 when sj40 and (c) for every l40, there is a constant cl40 such that if
n is large enough and s2m42s2n, then

PðjSm � SnjXlsmÞXcl.

Condition (b) says that no term in Sn dominates the others. Condition (c) follows if the central limit theorem
(CLT) holds for the sequence of Sn, since CLT for Sn implies CLT for Sm � Sn as ðm� nÞ ! 1. For example,
(c) holds for i.i.d. random variables, under the Lindeberg condition

8�40; lim
n!1

X
1pjpn

EðX 2
j =s2n: jX jj4�snÞ ¼ 0

and the stronger Lyapunov condition

9d40:
X

1pjpn

EjX jj
2þd ¼ oðs2þdn Þ.

Condition (c) is weaker, however, than CLT.

Theorem 1. (i) Suppose (a), (b), and f N ¼ ðlogNÞM for some constant M40. Then Io1 almost surely.
(ii) Suppose (a), (b), (c) and f N ¼ ðlogNÞxðNÞ with xðNÞ tending monotonically to 1. Then I ¼ 1 almost

surely.

Remark. In the first statement of the theorem we show in fact that almost surely Ip15
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M þ 1
p

ðmaxsj40 sjþ1=sjÞ
2.

Lemma 2 (Kolmogorov’s inequality, 1929). We have

Pðmax1pjpkjSjjXlskÞp1=l2 ðkX1Þ.

Proof of Theorem 1. By (a) and (b), there is a constant D so that sjþ1=sjpD for all large j. Define

hðnÞ:¼maxfk: s2kpng ðn 2 N�Þ

so that the conditions Nos2npNf N and hðNÞonphðNf N Þ are equivalent.
We first consider the case when f N :¼ðlogNÞM . Let

Nj:¼jðMþ3Þj ; tðjÞ:¼bðM þ 1Þðlog jÞ= log 2c; Hj :¼2
tðjÞ,

and

Uj:¼hðNjÞ; Uj;t:¼hð2tNjÞ ð0ptptðjÞÞ; V j:¼hðHjNjÞ ¼ Uj;tðjÞ.

It is possible that Uj;tþ1 ¼ Uj;t for some t. Note that for large j, HjNjXNjf Nj
.

Let k be a constant depending only on M and D. For jX1 define the events

Aj:¼fjSVj
jpsUjþ1

g,

Bj :¼
T

0ptptðjÞ�1

Bj;t where Bj;t:¼ max
Ujþ1;tpnpUjþ1;tþ1

jSUjþ1;tþ1
� SnjpksUjþ1;t

( )
,

Cj :¼fjSUjþ1
� SVj

jp2sUjþ1
g.

By (b) and the definition of hðNÞ, we have

D�1
ffiffiffiffiffiffiffiffiffiffi
2tNj

q
psUj;tp

ffiffiffiffiffiffiffiffiffiffi
2tNj

q
(1)

ARTICLE IN PRESS
K. Ford, G. Tenenbaum / Statistics & Probability Letters 78 (2008) 84–89 85



Download	English	Version:

https://daneshyari.com/en/article/1154407

Download	Persian	Version:

https://daneshyari.com/article/1154407

Daneshyari.com

https://daneshyari.com/en/article/1154407
https://daneshyari.com/article/1154407
https://daneshyari.com/

