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1. Introduction and the main theorem

Let B(t) be a one-dimensional Brownian motion starting from x. Its probability and expectation are denoted by P2 and
Ef"”, respectively. For a € R, T, denotes the first hitting time of a : inf {t > O|B(t) = a}.

The density of the distribution of To under P2 is known and it holds PPM[T, > t] ~ /2/m |x|t"'/? as t — oo where ~
means that the ratio between both sides converges to 1. Consequently, EfM [To] = oo.

Let1 < @ < 2,C > 0,and let X(t) be a symmetric «-stable Lévy process starting from x € R with the characteristic
exponent ¥ (£) = C|£|®. Its probability and expectation are denoted by P, and E;, respectively. For example, E,[eX(0] =
e$*=¥@ By some abuse of notation, we denote by T, the first hitting time of a by X (t). It holds E,[To] = oo ifx # 0 and
more precisely, Px[To > t] ~ Ci (o, C)|x|*~ 1t~/ a5t — o0. See Port (1967, Theorem 2) for the constant C; (e, C). This is
clearly a stable counterpart of the estimate of PfM [Ty > t].

Let us next consider the exit time from an interval for B(t). If L > 0,0 < x < L and B(0) = x then Ty A T; is the exit
time from [0, L]. Its density is known in the form of a series expansion (Borodin and Salminen, 1996, p. 172 and p. 451) and

the Laplace transform is obtained in a closed form: EM[e~4(Tor T ] = Cosh(v24(—1/2)) fq1 ¢ - (), By the analytic continuation

cosh(y/2qL/2)
20(x—L/2)) - _ ¢ - 2 . . .
EBM[e0(TonTL) ] = %\/%L/z/))) is finite for g € [0, 27). This feature is not shared by E,[e?ToATD] in fact, Ex[To A T;] = oo can
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be derived from Proposition 5.4 of Yano et al. (2009). However, the first hitting time T, of the set LZ = {Lm|m € Z} makes
some sense. If 0 < x < L the law of T;z under PfM is the same as that of Ty A T;. On the other hand, under Py, T;7z has some
finite exponential moments as is shown in the main theorem of this note.

Theorem 1. et 1 <@ < 2, L > 0, C > 0,and Tjz = inf{t > 0|X(t) € LZ} where X(t) is a symmetric «-stable Lévy process
starting from x € R with the characteristic exponent W (§) = C|&|*.
(a) Foranyq > Oand x € R,

q 2minx/L
1+ > aFczmne €

_ €Z, n#0
Ble] = — 5 ] (1)

q+C2an/L[%

nez, n#0
(b) It holds

1 .

ExlTiz] = 5o (1= ™). (2)
* neZ,Zn;ﬁO C |27wn/L|¥ ( )

(c) There exists p > 0 such that both sides of (1) are finite and the equality holds for any q € (—p, 0] and x € R. The radius p
of convergence depends on C, «, L but not on x.
cosh(y/2q(x—L/2)) . 2 tanh(f L/2)
TN T ofxon [0, L] is = 3

mez’”‘"x/ Lifq > 0. Since the latter is a periodic function, it is equal to EEM[e~9":2] on R. The comc1dence with Eq. (1)

with the parameter C = 1/2 and o = 2 can be checked using the 1dent1ty coth(«/ qL/2) =

Remark 1. The Fourier series expansion of the function EZM[e~9(To/TL)] = nez

q
ZHEZ q+%\27‘rn/L\2 :

Remark 2. Using the identities Zlfmodd nsin(nx)/(n® + a?) = w(sinha(wr — x) + sinh ax)/ (4 sinh arr), valid for a # 0 and

0 < x < 7, and nV2401/2)) _ sinh(v24(L—0) +5inh(+/249 ' \ya can check the following partial fraction expansion in a complex

cosh(y/2qL/2) sinh(4/2qL)
variable q:
EMe 2] = 2m/I?) Y nsin(nr|x|/L)/(q + n*mw?/(2L%)).

1<n:odd
By the inverse Laplace transform we obtain the probability density of T;z:
PM[Tyz € dt]/dt = 2 /L%) Y nsin(nr |x|/L) exp(—n’m°t/(2L%)).
1<n:odd

Note that this density can be derived via the spectral representation in Borodin and Salminen (1996, p. 105). Unfortunately
we have not obtained analogous partial fraction expansion of E,[e~92] nor a formula for the density (see Remark 3 in
Section 2 for its existence) of T;; for X (t).

2. Proof of the theorem

In Section 2 we first review some facts from the potential theory (see e.g. Bertoin, 1996, Chapter II). We next prove or
quote preliminary lemmas before the proof of Theorem 1.
Since 1 < o < 2 a single point is regular for itself for X(t). Let ¢ > 0. The g-potential u(x) is continuous and satisfies

1 [% e 1

ulx) = — e ————d§ (3)
21 J_ q+Clgl*

and Ex[e~1] = u%(y —x) /u?(0) for all x and y. The capacitary measure u{, is defined by uf,(A) = q [ EJle™9"2; X(Tyz) €

Aldx for any Borel set A C R. Since the set LZ is translation invariant, u;’Z assigns the same mass MZZ({O}) for each point of

L7Z. By Theorem II.7 in Bertoin (1996) we have, for a.e. x,

Elde 2] = pf,(0) Y ul(Lm — x). (4)

mez

Lemma 1. For any q > 0 the following holds.
(a) Asx — £o0, ul(x) = 0(|x|™*).

(b) The function x — Ex[e~91z] is continuous.
(c) Eq. (4) holds for all x.

Proof. (a) The integrand in (3) is of class C' and integration by parts applies to (3). We have

1 [ . Call*sgn(€)
q _ ix¢
v = zm'x/ ¢ T araE &
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