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a b s t r a c t

This paper explores confidence intervals for the family of proportional reversed hazard
distributions based on lower record values. The confidence intervals are validated as long
as the sample is of size n ≥ 3. The proposed procedure can be extended to the family of
proportional hazard distributions based on upper record values. Numerical results show
that the method is promising.
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1. Introduction

An important topic in survival and reliability analyses is the study of parametric probability distributions in order to
model the faults in a product or the lifetime of a product or entity. Many lifetime distributions are related to extreme values,
e.g. a series system stops working when the first component breaks while a parallel system stops working when the last
component breaks. Moreover, in big data scenarios, which are becoming more and more relevant these days, there may be
a specific interest in record values only, such as extreme weather events, and no other aspects of the data may be stored or
reported.

Since Chandler (1952) introduced the topic of record values and studied their basic properties, a substantial literature
has appeared devoted to record values, for example see Glick (1978), Smith (1988), Carlin and Gelfand (1993), Feuerverger
and Hall (1996), Chan (1998), Sultan et al. (2008), Wong andWu (2009), Tavangar and Asadi (2011) and Cramer and Naehrig
(2012). Record statistics are widely used in many real life application areas, such as weather forecast (Chandler, 1952; Coles
and Tawn, 1996), maximum water levels in hydrology (Katz et al., 2002), sports and economics (Balakrishnan et al., 1993;
Robinson and Tawn, 1995; Balakrishnan and Chan, 1998; Raqab, 2002; Einmahl andMagnus, 2008), life-tests (Soliman et al.,
2006; Ahmadi et al., 2009), stock markets (Wergen, 2014) and so on. Due to the commonality and the importance, there has
been a number of literature on probabilistic modeling and statistical inference for record data. For a book-length account on
this topic, see Arnold et al. (1998) and Ahsanullah (2004).
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Sample size is an important issue in statistical testing and confidence intervals because it has such a significant impact
on the validity of analytic results and is so often misunderstood. Without a sufficiently large sample, a statistical test or
confidence interval may not have the targeted statistical properties, if the derivation of the test procedure or interval
depends on assumptionswhich are only asymptotically justified. Therefore, as data sets consisting of record values often lack
sufficient data for statistical inference based on asymptotically justifiedmethods, it is important to develop exact inferential
methods which apply for any sample size. This paper presents a new method of exact inference for interval estimation for
a family of proportional reversed hazard distributions based on data consisting of lower record values.

Let {Xn, n = 1, 2, . . .} be a sequence of independent and identically distributed (i.i.d.) random variables with cumulative
distribution function (cdf) F(x) and probability density function (pdf) f (x). An observation Xj is called a lower record value
if its value is less than the values of all of previous observations, so if Xj < Xi for each i < j. Then the record times sequence
{Tn, n ≥ 1} is defined in the following manner: T1 = 1 (with probability 1) and for n ≥ 2, Tn = min{j : Xj < XTn−1}. The
sequence {Rn = XTn , n = 1, 2, . . .} is called the sequence of lower record values of the original sequence.

In this paper, new exact interval estimation is presented based on record values for the following family of probability
distributions, which provides a flexible family to model lifetime variables. Let F(x; λ, α) denote the cdf of a probability
distribution with parameters λ and α. Consider parameter estimation for the family of probability distributions specified by

F(x; λ, α) = [G(x; λ)]α, x > 0, (1)

where G(·; λ) is a cdf dependent only on λ. These families of distributions –without necessarily confining attention to a one-
parameter G – are discussed by Marshall and Olkin (2007, Section 7.E. & ff.). They call (1) a ‘resilience parameter’ or ‘propor-
tional reversed hazard’ family. When α is an integer, (1) is the distribution function of the maximum of a random sample of
size α from the distribution G(·; λ). Examples of families (1) include the inverseWeibull distribution, and generalized expo-
nential distribution (Gupta and Kundu, 1999). The latter can be used as an alternative to gamma or Weibull distributions in
many situations and has attracted much attention in the literature recently, it arises when G(x; λ) = 1− e−x/λ in family (1).

In Section 2 of this paper exact interval estimation for the parametersλ andα is presented, aswell as some characteristics
of F(x; λ, α). In Section 3 the results of a simulation study in order to investigate the performance of the proposed method
are presented, while an example with data from the literature is presented in Section 4.

2. Interval estimation

In this section new methods for interval estimation for the proportional inversed hazards family are presented. In order
to do so, the following lemmas are needed.

Lemma 1. Let R1, R2, . . . , Rn be the lower record values observed from the standard uniform distribution U(0, 1), then
− log(R1), log(R1)− log(R2), . . . , log(Rn−1)− log(Rn) are i.i.d. standard exponential random variables.

Proof. Let Y1 = − log(R1), Y2 = log(R1) − log(R2), . . . , Yn = log(Rn−1) − log(Rn). Notice that the pdf of R1, R2, . . . , Rn is
given by

f (r1, r2, . . . , rn) = f (rn)
n−1
i=1

f (xi)[F(ri)]−1
=

n−1
i=1

r−1
i , 0 < rn < · · · < r1 < 1,

that the Jacobian of transformation is given by

∂(R1, . . . , Rn)

∂(Y1, . . . , Yn)
= e−nY1−(n−1)Y2−···−Yn ,

and the pdf of Y1, . . . , Yn is given by

f (y1, . . . , yn) = e−y1−y2−···−yn , y1 > 0, . . . , yn > 0.

Therefore, Y1, . . . , Yn are i.i.d. standard exponential random variables.

Lemma 2. Suppose that Y1, Y2, . . . , Yn are i.i.d. exponential random variables with mean θ . Let Si = Y1 + · · · + Yi, i = 1, 2,
. . . , n, then S1/S2, (S2/S3)2, . . . , (Sn−1/Sn)n−1, Sn are independent random variables. Also, S1/S2, (S2/S3)2, . . . , (Sn−1/Sn)n−1

have standard uniform distributions and Sn has gamma distribution with shape parameter n and scale parameter 1, denoted by
0(n, 1) (seeWang et al., 2010).

2.1. Interval estimation of λ

LetR1, R2 . . . , Rn be the lower record values observed from theproportional reversedhazards family (1), then F(R1; λ, α),
F(R2; λ, α), . . . , F(Rn; λ, α) are the lower record values observed from the standard uniform distribution U(0, 1). Thus, we
have from Lemma 1 that Y1 = − log F(R1; λ, α), Y2 = log F(R1; λ, α) − log F(R2; λ, α), . . . , Yn = log F(Rn−1; λ, α) −

log F(Rn; λ, α) are i.i.d. standard exponential random variables.
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