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Abstract

In this paper, we introduce a new kind of complete moment convergence, which includes complete convergence as a
special case. And we also achieves some results about precise asymptotics for this kind of complete moment convergence.
For example, let {X, X,;;n>1} be a sequence of i.i.d. random variables, then

F\O_logsz ES2I{|S,| >en} = 20°

holds, if and only if EX = 0, EX? = ¢? and EX?log™ | X| < 0.
© 2006 Elsevier B.V. All rights reserved.

MSC: Primary 60F15; secondary 60G50

Keywords: Precise asymptotics; Independent random variables; Moment; Complete convergence.

1. Introduction and main result

Throughout this paper, we let {X, X,,;;n>>1} be a sequence of i.i.d. random variables, and set S, = Y ;_, Xy.
Throughout, C shall denote positive constants, possibly varying from place to place, and [x] shall denote the
largest integer <x.

Since Hsu and Robbins (1947) introduced the concept of complete convergence, there have been extensions
in several directions. One of them is to discuss the precise rate. Heyde (1975) proved that

o0
lime? )  P(|S,|>en) = EX? 1.1
lime? 3PSy >en) , (1L.1)

when EX =0, and EX?<oo. For analogous results in the more general case, see Chen (1978), Gut and
Spataru (2000), Spataru (1999), etc.
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By Markov’s inequality, we have

o0 o0
Tpale) =) W 2P(IS,| zen”)<e™ ) w2 EIS, |1 I{|S,| > en’),

n=1 n=1
where 0<g<p and &¢>0. Baum and Katz (1965) discussed the convergence of T, ,(¢). Chow (1988) discussed
the convergence of

Byo(e) =Y n" T E{|S,| — en’)y,  &>0.

n=1
Set

Gopale) = Y _ 0" EIS,|1{|S,| > en).

n=1

We can see that 7,,(¢) = Go (), and B, ,(e) = G14(e) — £Gopa(e). So, it is worth to study the properties of
Gypo(e). In this paper, we give the precise rates of convergence of G,,,(¢) when ¢\ 0. For the sake of
convenience, we discuss the case « = 1, p = 2, and 0<¢<2. Our results are stated as follows.

Theorem 1. Suppose that {X, X ,;n>=1} is a sequence of i.i.d. random variables,
EX=0 EX’=¢> and EX’log"|X|<o0. (1.2)

Then we have
1 <1 ) )
E — ES, I{|Su|=en} = 207 (1.3)

n=1 n

im
0 —loge
Conversely, if (1.3) is true, then (1.2) holds.

Theorem 2. Suppose that {X, X ,;n=1} is a sequence of i.i.d. random variables,

EX =0 EX?’=¢’<o0. (1.4)
Then we have

lim &7 iias PI{|S,| =en} = 2 g (1.5)

8\0 — np n nl= 2 _p D .

for 0<p<?2. Conversely, if (1.5) is true for some 0<p<2, then (1.4) holds.

Davis (1968) proved that

o0

I
Z%qunps\/nlogn)@o, >0, (1.6)
n=1

if and only if EX = 0 and EX? < 0o. The natural analog to Theorem 1, corresponding to (1.6), runs as follows.

Theorem 3. Suppose that {X, X,;n>=1} is a sequence of i.i.d. random variables, 0<d<1,

EX=0, EX’=¢> and EX?*(log'|X|)’<oc. (1.7)
Then we have
o0 5-1 2542
.26 (logn) 2 _ o 2042
}1\%? ;TESnIHSana\/nlogn} = TEW' . (1.8)

Conversely, if (1.8) is true, then (1.7) holds.
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