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Abstract

We apply an Abelian theorem, due to Berg, to determine the asymptotic behaviour of P[¢,>x] as x*t~' —y'x 4 0o
when ¢ is the range of Brownian motion with positive drift y<7’. The method is simple, general, and yields a sharp
error bound.
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Notation: All processes start at zero: B is Brownian motion, X* (resp. X°) denotes the maximum (resp.
minimum) of X, while C, C’... represent generic strictly positive constants. We always take t = ¢/x? | 0.

In Daudin et al. (2003) the authors obtain a large deviation estimate for the range of Brownian motion with
positive drift. This is the process ¢ = é? = (X — X°)°*, where X, = B, + ¢, and they find

2 2
P[§1>X]~;\/;e_(““”/2, x 1 oo. )

Their paper offers two ad hoc proofs: one using special functions, another via path decomposition of £. Here
we point out that (1) follows from an Abelian theorem formulated by Berg (1974) Section 49 pp. 112—113. This
was applied by Csaki (1989) to a problem with Brownian scaling but our result illustrates its wider utility. The
statement is as follows.

Theorem. 3G holomorphic on R(z)>yx >0 such that for any constant y' >y

PLE, > ] = J%;e_“"”’z/ %G(1/20(1 + O(1))
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with error constant independent of x.
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The proof is deferred. We remark that this is a Tauberian theorem since G, given explicitly at (10) below, is
related to the Laplace transform computed by Williams (1976):

/ e P, > x] dr = i . n=2z 42 3)
0

z[pcosh ux + 7y sinh px]

Applying Berg’s theorem directly to (3) gives (2) for x fixed and ¢ | 0, but to obtain our more general
statement, and its immediate corollary (1), we must control the error as x varies. For this, we rework the proof
of Berg’s result starting from the following elementary observation (cf. Berg (1974) 49.3).

Lemma. Let G be holomorphic on Rz> p, >0, and suppose there exist =0, f>1, and n> % such that for all
p>p, we have:

|G(p + iu)e /NP < C4.1G(p)| uniformly in |u|=p" (4,)
|G"(p + iu)| < Cpylp " G(p)| uniformly in |u|<p. (Byp)
Then
1 o . 2 _
7= |G+ i du=Glp)1 +0(' ). pt oc. @

Proof. We prove (4) in the form
1 o0 . —u -
—«// [G(p +iu) — G(p)le™* du = O(p' P G(p)), p 1 oo,
T
in two steps. First, we can ignore the contribution from R\(—p", p) since (e.g.)
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Next, using Taylor expansion and (Bg), we obtain

I e
e G(p +1 G(p)le /" du< = sup |G"(p +i / 2e™ d
o 160 i = G dus s (G i) [ e du

< S581G(pyjp1 / e =BGy O
N 0 4
Remarks 5. (1) For p=py(o,n, C4,) the error constant in (4) is bounded by 1 3 Chyp-

(2 If G is real on [py,00) then E=G/G=o(l). For if 1nfp>,,0Ep>($>0 then, from
|E' + E*| = |G"/G|< Cppgp~, we deduce E'< E2 eventually and hence E | 0. This contradiction shows
E2 ¢,10 for some p, 1 oo and, applymg the above bound whenever E’'>0, we obtain
supp>p E; <max(E; , Cppp,’) = o(1).

(3) Given >0, we "deduce existence of p.=po such that |G(p)| < |G(p,)|e if p=p,.

(4) One may assume % <n<1 provided G is real on [p,, 00) and o>0 . In fact, by Taylor expansion, remark
(2), and condition (Bg), we have

Glp +iu) = G(p) +iuG'(p) — 51* G"(p + i0,u) = O(p*' G(p))
uniformly in u<p"; so for % <n'<1<n and any £>0
1G(p + iu)| < Cp¥ G(p) < Ce™" " G(p) < Ce?™IVP G(p)

uniformly in p" <|u|<p" as p 1 co. Meaning (A4,) holds whenever |u|>p", though perhaps with a larger
constant.
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