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An asymptotic estimate for Brownian motion with drift
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Abstract

We apply an Abelian theorem, due to Berg, to determine the asymptotic behaviour of P½xt4x� as x2t�1 � g0x " 1
when x is the range of Brownian motion with positive drift gog0. The method is simple, general, and yields a sharp

error bound.
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Notation: All processes start at zero: B is Brownian motion, X � (resp. X �) denotes the maximum (resp.
minimum) of X, while C;C0 . . . represent generic strictly positive constants. We always take t ¼ t=x2 # 0.

In Daudin et al. (2003) the authors obtain a large deviation estimate for the range of Brownian motion with
positive drift. This is the process x ¼ xðgÞ ¼ ðX � X �Þ�, where X t ¼ Bt þ gt, and they find
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2=2; x " 1. (1)

Their paper offers two ad hoc proofs: one using special functions, another via path decomposition of x. Here
we point out that (1) follows from an Abelian theorem formulated by Berg (1974) Section 49 pp. 112–113. This
was applied by Csáki (1989) to a problem with Brownian scaling but our result illustrates its wider utility. The
statement is as follows.

Theorem. 9G holomorphic on RðzÞ4gx40 such that for any constant g04g

P½xt4x� ¼
1ffiffiffiffiffiffiffiffi
2tp
p e�ð1�tgxÞ

2=2tGð1=2tÞð1þOðtÞÞ

¼ 2

ffiffiffiffiffi
2t
p

r
e�ð1�tgxÞ2=2t

ð1� tgxÞð1þ tgxÞ2
ð1þOðtÞÞ; t�1 � g0x " 1, ð2Þ

with error constant independent of x.
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The proof is deferred. We remark that this is a Tauberian theorem since G, given explicitly at (10) below, is
related to the Laplace transform computed by Williams (1976):Z 1

0

e�ztP½xt4x�dt ¼
megx

z½m cosh mxþ g sinh mx�
; m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
. (3)

Applying Berg’s theorem directly to (3) gives (2) for x fixed and t # 0, but to obtain our more general
statement, and its immediate corollary (1), we must control the error as x varies. For this, we rework the proof
of Berg’s result starting from the following elementary observation (cf. Berg (1974) 49.3).

Lemma. Let G be holomorphic on Rz4r040, and suppose there exist aX0, b41, and Z4 1
2

such that for all

r4r0 we have:
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Proof. We prove (4) in the form
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in two steps. First, we can ignore the contribution from Rnð�rZ; rZÞ since (e.g.)
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Next, using Taylor expansion and ðBbÞ, we obtain
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Remarks 5. (1) For rXr0ða; Z;CA;aÞ the error constant in (4) is bounded by 1
2

CB;b.
(2) If G is real on ½r0;1Þ then E ¼ G0=G ¼ oð1Þ. For if infrXr0E

2
rXd40 then, from

jE0 þ E2j ¼ jG00=GjpCB;br�b, we deduce E0p� 1
2

E2 eventually and hence E # 0. This contradiction shows
E2

rn
#n0 for some rn " 1 and, applying the above bound whenever E 040, we obtain
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(3) Given e40, we deduce existence of reXr0 such that jGðrÞjpjGðreÞjeer if rXre.
(4) One may assume 1

2
oZo1 provided G is real on ½r0;1Þ and a40 . In fact, by Taylor expansion, remark

(2), and condition ðBbÞ, we have

Gðrþ iuÞ ¼ GðrÞ þ iuG0ðrÞ � 1
2
u2G00ðrþ iyuuÞ ¼ Oðr2ZGðrÞÞ

uniformly in uorZ; so for 1
2
oZ0o1pZ and any e40

jGðrþ iuÞjpCr2ZGðrÞpCeer
Z0�1=2

GðrÞpCeejuj=
ffiffi
r
p

GðrÞ

uniformly in rZ
0pjujorZ as r " 1. Meaning ðAaÞ holds whenever jujXrZ
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, though perhaps with a larger
constant.
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