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Almost sure max-limits for nonstationary Gaussian sequence
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Abstract

We obtain some almost sure limit theorems for a standardized nonstationary Gaussian sequence under some mild conditions.
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1. Introduction and results

In 1988, a new chapter of limit theorem has been discovered, which is called almost sure central limit
theorem (ASCLT). Many profound results have been obtained for independent and dependent random
variables since 1988. Fahrner and Stadtmüller (1998), Cheng et al. (1998), Fahrner (2000) and Stadtmüller
(2002) investigated almost sure limit theorem for the maxima of i.i.d. random variables. Csáki and
Gonchigdanzan (2002) got an almost sure limit theorem for the maximum of stationary Gaussian sequence.

In this paper, we study almost sure limit theorems of nonstationary Gaussian sequence under some mild
conditions. In the sequel, A denotes a positive constant whose value may vary from line to line.

Theorem 1.1. Let fxng be a sequence of nonstationary Gaussian random variables with zero mean, unit variance

and covariance matrix ðrijÞ such that jrijjprji�jj for iaj where rno1 for all nX1 and

rn log np
A

ðlog log nÞ1þe
. (1.1)

Let the constants funig be such that
Pn

i¼1 ð1� FðuniÞÞ is bounded and ln ¼ min1pipn uniXcðlog nÞ1=2 for some

c40. If
Pn

i¼1 ð1� FðuniÞÞ ! t as n!1 for some tX0, then

lim
n!1

1

log n

Xn

k¼1

1

k
I f\k

i¼1
ðxipukiÞg

¼ expð�tÞ a:s:;

where I is indicator function.
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Let Zi ¼ xi þmi be a normal sequence, where fxng is a standardized Gaussian sequence with covariance rij.
The constants mi satisfy

bn ¼ max
1pipn

jmij ¼ oðlog nÞ1=2Þ as n!1 (1.2)

m�n is defined by

1

n

Xn

i¼1

expða�nðmi �m�nÞ � 1=2ðmi �m�nÞ
2
Þ ! 1 as n!1 (1.3)

in which a�n ¼ an � log log n=2an, an ¼ ðlog nÞ1=2, bn ¼ an � ðlog log nþ log 4pÞ=2an.
The following theorem is obtained from Theorem 1.1 and Theorem 6.2.1 in Leadbetter et al. (1983).

Theorem 1.2. Let fZng be defined as above by Zi ¼ xi þmi where fxng is a standardized Gaussian sequence with

covariances rij such that jrijjprji�jj for iaj with rno1 and condition (1.1) is satisfied. Suppose that fmig satisfy

(1.2) and m�n be defined by (1.3). Then

lim
n!1

1

log n

Xn

k¼1

1

k
I fakðmax1pipk Zi�bk�m�

k
Þpxg ¼ expð�e�xÞ a:s.

Xie (1984) got the asymptotic distribution of extremes in nonstationary Gaussian sequence:

Theorem A. Suppose that fxng is a Gaussian sequence, Exn ¼ 0, Dxn ¼ 1, rij ¼ Exixj, and if

(1) d ¼ supioj jrijjo1.
(2) For some g42ð1þ dÞ=ð1� dÞ and some positive number d, we have

1

n2

X
1piojpnd

jrijj logðj � iÞ expðgjrijj logðj � iÞÞ ! 0 as n!1

Put an ¼ ð2 log nÞ�1=2, bn ¼ ð2 log nÞ1=2 � ðloglognþ log 4pÞ=ð2ð2 log nÞ1=2Þ. Then for the positive integer

sequence ftng with limn!1 tn=n ¼ d, we have

PðMtn
panxþ bnÞ ! expð�de�xÞ as n!1.

We extend this result to the case of almost sure limit.

Theorem 1.3. Let fxn; nX1g be a nonstationary standardized Gaussian sequence with covariance rij ¼ covðxi; xjÞ

and satisfy the following conditions:

(1) d ¼ supioj jrijjo1.
(2) For some g42ð1þ dÞ=ð1� dÞ and some positive number d, we have

1

n2

X
1piojpnd

jrijj logðj � iÞ expðgjrijj logðj � iÞÞp
A

ðlog log nÞ1þe

for some positive numbers A and e.
Let an and bn be defined in Theorem A, un ¼ anxþ bn, x is a real number. Then

lim
n!1

1

log n

Xn

k¼1

1

k
I fMtk

pakxþbkg ¼ expð�de�xÞ a:s:;

where I is the indicator function.
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