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Abstract

The Fisher information contained in records, weak records and numbers of records are discussed in this paper. In the
case when the initial distribution belongs to the exponential family, the Fisher information contained in record values as
well as in record values and record times are found analytically. A new inverse sampling plan (ISP-II) is considered next
and some results on Fisher information in record statistics obtained from ISP-II are then derived. We also finally propose
some new estimators based on records and weak records.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Let Xy, X5,... be independent and identically distributed (i.i.d.) random wvariables with absolutely
continuous cdf F(x,0), where 6 is an unknown parameter. The Fisher information (FI) about the real
parameter 6 contained in record values and weak record values have been discussed quite a bit recently in the
literature; see, for example, Ahmadi and Arghami (2001), Hofmann and Nagaraja (2003), Stepanov et al.
(2003), Hofmann and Balakrishnan (2004), Hofmann (2004), and Hofmann et al. (2005).

The FI contained in the first n record values and in #n i.i.d. random variables have been compared in some of
the above mentioned papers. Hofmann and Nagaraja (2003), Hofmann and Balakrishnan (2004), and
Hofmann (2004) have also compared the FI contained in the first n record values and record times with the FI
contained in #z i.i.d. observations. In many cases, the FI in the first n record values is less than the FI in n i.i.d.
observations, but the FI in the first n record values and record times exceeds the FI in 7 i.i.d. observations. One
example is the normal mean.

It should be noted that n i.i.d. observations produce approximately [log n] record values, where [ ] denotes
the integral part of the number; see Arnold et al. (1998). Thus, even if the FI contained in the first n record
values and record times is greater than the FI in 7 i.i.d. observations, it does not mean that record values and
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record times are more attractive for statistical inferential procedures. It is intuitively clear and it will be
formally shown in Section 2 (see Theorem 2.1) that i.i.d. observations X1, ..., X, contain FI that is more than
the FI in record values and record times induced by this sample.

Sometimes, only record values are available. The consideration of a fixed number of records was introduced
by Samaniego and Whitaker (1986), who termed it as an inverse sampling plan. We shall denote this inverse
sampling plan by ISP-I. One situation where this model arises is in industrial stress and life testing wherein
measurements are made sequentially and only values larger than all previous values are recorded. For some
other examples, see Galambos (1984), Hofmann and Nagaraja (2003), and Hofmann (2004). The other case
when record samples could be used instead of traditional ones is when we have samples consisting of too many
observations.

In some situations, even record values may not be available. Suppose during an experiment we get
information only about the numbers of record values belonging to different intervals. Naturally, we can study
the FI contained in these numbers of records. In the discrete case, when X is defined on 0, 1,..., we may be
interested in the FI contained in the numbers of weak record values registered at the points 0,1, ..., Thisisa
new inverse sampling plan as compared to the one of Samaniego and Whitaker (1986), and we denote it by
ISP-II.

The sequences of upper record values X“(n) and upper record times L“(n) are defined as follows:

LY(1) =1,
Lu(l’l + 1) = mll’l{] ]>L“(n), X/>XL“(11)}7
X4 (n) = XL“(n) (n=1). (1.1

If in (1.1) the condition X;> X ru(, is replaced by X;> X u(,, then the above gives the definitions of weak
record values X" (n) and weak record times L"(n). Observe that there is no difference between upper records
and weak records in the case when the initial F(x) = P{X|<x} is continuous; see Arnold et al. (1998) and
Nevzorov (2000). Moreover, if in (1.1) the inequality in X;> X u(, is reversed, then the above become the
definitions of lower record values X'(n) and lower record times L'(n).

Let us now use [I,, I,(R"Y), I,(R'T"), and I,(M) to denote the FI contained in i.i.d. observations
X1,...,X,, in all upper record values belonging to this sample, in all upper record values and upper record
times belonging to the sample, and in the maximum M, of the sample, respectively. We will replace u by / to
denote the corresponding quantities for lower records. It needs to be mentioned that in all notation of the FI,
we suppress the parameter 0.

For dealing with inverse sampling plan ISP-I, we will use J,(R"), J,(R*T") and J,(W) to denote the FI
contained in n upper record values, in n upper record values and upper record times, and in n weak record
values, respectively. For discussing the inverse sampling plan ISP-II, let us introduce a non-negative integer
variable u"(a, b) (—oo<a<b<o0) to denote the number of upper record values belonging to the interval (a, b).
For the discrete case, we similarly define random variables & by & = k if k weak records occur at point i,
i=1,2,...,k=0. Denote by I(¢*(a, b)) the FI contained in y*(a, b), i.e. the FI in the number of upper record
values belonging to the interval (a, b). Finally, let I(£") be the FI contained in &' and I(¢)) be the FI contained
in (&y,....&)).

We shall assume throughout that appropriate regularity conditions are satisfied.

The rest of the paper is organized as follows. The FI contained in records and in the numbers of record values is
discussed in Section 2 for the continuous case. Section 2.1 presents theoretical results while some examples are
presented in Section 2.2. In Section 3, we discuss the FI contained in weak record values and in the numbers of
weak record values for the discrete case. Section 3.2 presents some examples for the discrete case.

2. Fisher information contained in record values and in the numbers of record values
2.1. Main results

Let X, X>5,... be i.i.d. random variables with absolutely continuous cdf F(x, 0) and pdf p(x, 0) = F'.(x, 0).
As has been pointed out in the introduction, the i.i.d. variables X,..., X, contain FI more than the record
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