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Abstract

We show, for a class of discrete Fleming–Viot (or Moran) type particle systems, that the convergence
to the equilibrium is exponential for a suitable Wasserstein coupling distance. The approach provides an
explicit quantitative estimate on the rate of convergence. As a consequence, we show that the conditioned
process converges exponentially fast to a unique quasi-stationary distribution. Moreover, by estimating the
two-particle correlations, we prove that the Fleming–Viot process converges, uniformly in time, to the
conditioned process with an explicit rate of convergence. We illustrate our results on the examples of the
complete graph and of N particles jumping on two points.
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1. Introduction

This paper deals with a (time-continuous) Moran type model, referred to as the Fleming–Viot
process in the literature [5,18], which approximates Markov semigroup conditioned on non-
absorption. Briefly, when considering a time-continuous Markov chain, an interesting question
is about the quasi-stationary distribution of the process which is killed at some rate, see for
instance [10,25]. Instead of conditioning on non-killing, it is possible to start N copies of the
Markov chain and, instead of being killed, one chain jumps randomly on the state of another one.
The resulting process is a version of the Moran model that we will call Fleming–Viot. While the
convergence of the large-population limit of the Moran model to the quasi-stationary distribution
was already shown under some assumptions [13,18,31], the present paper is concerned with
deriving bounds for the rate of convergence. Our first main result, namely Theorem 1.1,
establishes the exponential ergodicity of the particle system with an explicit rate. This seems to
be a novelty. As a consequence, we prove that the correlations between particles vanish uniformly
in time, see Theorems 1.3 and 2.6. This is also a new result even if [18] gives a similar bound
heavily depending on time. As application, we also give new proofs for some more classical but
important results as a rate of convergence as N tends to infinity (Theorem 1.2) which can be
compared to the results of [13,20,31], a quantitative convergence of the conditioned semi-group
(Corollary 1.4) comparable to the results of [14,24] and uniform bound (in time) as N tends
to infinity (see Corollary 1.5), which seems to be new in discrete space but already proven for
diffusion processes in [28] with an approach based on martingale inequality and spectral theory
associated to Schrödinger equation.

Let us now be more precise and introduce our model. Let (Qi, j )i, j∈F∗ be the transition rate
matrix of an irreducible and positive recurrent continuous time Markov process on a discrete and
countable state space F∗. Set F = F∗

∪ {0} where 0 ∉ F∗ and let p0 : F∗
→ R+ be a non-null

function. The generator of the Markov process (X t )t≥0, with transition rate Q and death rate p0,
when applied to bounded functions f : F → R, reads

G f (i) = p0(i)( f (0)− f (i))+


j∈F∗

Qi, j ( f ( j)− f (i)),

for every i ∈ F∗ and G f (0) = 0. If this process does not start from 0, then it moves according to
the transition rate Q until it jumps to 0 with rate p0; the state 0 is absorbing. Consider the process
(X t )t≥0 generated by G with initial law µ and denote by µTt its law at time t conditioned on non
absorption up to time t . That is defined, for all non-negative functions f on F∗, by

µTt f =
µPt f

µPt 1{0}c
=


y∈F∗

Pt f (y)µ(y)
y∈F∗

Pt 1{0}c (y)µ(y)
,

where (Pt )t≥0 is the semigroup generated by G and we use the convention f (0) = 0. For every
x ∈ F∗, k ∈ F∗ and non-negative function f on F∗, we also set

Tt f (x) = δx Tt f and µTt (k) = µTt 1{k}, ∀t ≥ 0.

A quasi-stationary distribution (QSD) for G is a probability measure νqs on F∗ satisfying,
for every t ≥ 0, νqsTt = νqs. The QSD are neither well understood, nor easily amenable to
simulation. To avoid these difficulties, Burdzy, Hołyst, Ingerman, March [5], and Del Moral,
Guionnet, Miclo [12,13] introduced, independently from each other, a Fleming–Viot or Moran
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